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Abstract— Many vision problems can be formulated as mini- solution. In computer vision, energy functionals are tgafic
mization of appropriate energy functionals. These energyunc- of the form
tionals are usually minimized, based on the calculus of vaations
(Euler-Lagrange equation). Once the Euler-Lagrange equabn Y = foaa(u, 8) + a freg(u), (2)
has been determined it needs to be discretized in order to | )
implement it on a digital computer. This is not a trivial task With fpaaa(u,g) a data term measuring the energy of the
and, moreover, error-prone. In this article, we propose a flaible  solutionu with respect to the observed daiaand freq(u) a
alternative. We discretize the energy functional and subsgiently  regularization term measuring the smoothness of the soluti

apply the mathematical concept of algorithmic differentiation 10 o1t The free parameter is used to control the amount
directly derive algorithms that implement the energy functional’s f larizati Vari f . Is of thi
derivatives. This approach has several advantages: Firsthe com- O régularization. Various energy functionals of this tygsn

puted derivatives are exact with respect to the implementaon of ~be found for quite fundamental vision tasks, e.g. optical/flo
the energy functional. Second, it is basically straightfoward to computation [5] and segmentation [6].

compute second-order derivatives and thus the Hessian mak  The calculus of variations includes a framework for finding
of the energy functional. Third, algorithmic differentiat ion is a the solution of such minimization problems. The fundamienta

process which can be automated. We demonstrate this novel . . .
approach on three representative vision problems (namely &t theorem of this approach, the Euler-Lagrange differeetiaia-

noising, segmentation, and stereo) and show that state-te-art ~ tion, provides anecessarycondition to describe a functional

results are obtained with little effort. at stationary points. It can therefore be used to determine
Index Terms— Evaluating derivatives, algorithmic differentia- thos? ParamEters for which the functional yle.lds.a maximum
tion, variational methods, energy functional, optimization or minimum value. In the course of the optimization process,

derivatives of the energy functional with respect to the eiod

parameters have to be evaluated. However, the derivation of
. INTRODUCTION the Euler-Lagrange equations can be tedious if the energy
Tfunctional is complex. Moreover (since we are dealing with

OMPUTER vision inherently deals with the problem of;. . . L . .
- -, discrete images), the discretization and efficient nunaéric
determining unknown quantities, based on the observa-

) . . Implementation of partial differential equations such asecE
tion of their effects (e.g. recovering the 3D structure of . L o

. . agrange equations are a pending issue padse a scientific
stereo image pair). Such problems are referred to as iavers, | 7]

problems” and are typically ill-posed in the original sense In this article, we propose a flexible alternative to the

of Hadamard [1]. Examples of inverse problems arising in . S :

.y . nalytical derivation of the Euler-Lagrange equationssela

computer vision can be found, for example, in [2], [3], ang . Lo -

[4]. Since the beginning of computer vision, a great aumbSP the mathematical concept of algorithmic differentiatio
' 9 9 P ag %Igorithmic differentiation is well-known in meteorolod#],

ut has, to the best of our knowledge, not been used in

computer vision so far. In contrast to the Euler-Lagrange

Pdrmalism, derivatives of the energy functional are obddiby

of methods have been developed to well-pose (i. e. regelari
inverse vision problems, and thus to facilitate the comra
of the unknown quantities. Independent of the applicatio

the major goal of image modelling is to find proper Wayairectly differentiating the energy functional as implamed in

to mathematically describe and analyze images. . ;
. . ... anappropriate programming language (e. g. Fortran or CJC++
An inverse problem can often be solved by minimizatiogy,. approach has several advantages:

of an energy functional which appropriately describes the First, it is self-contained This implies that the computed

behawog(rj of ttr?e faﬁsoglateoll mod?I. M‘?‘then:_at'calbeslpgal_("?jerivatives are exact with respect to the algorithmic repne
we consider the Tollowing class of minimization probiems. aiinn of the energy functional [9]. Furthermore, if the ane
. functional is implemented using more accurate schemes the
x* = inf {y = f (x)}, (I P L sing
x implementation of the derivatives yields more accurateltes
wherey = f(x) is the energy functionalx is the set of as Welclj[log. Se(zjco_nd,_lt is bas&catily strr]alghtfor\{vard to q:p:tef A
input parameters to be optimized, art denotes the optimal S€cond-order derivatives and thus the Hessian matrix of the
energy functional. With this, the energy functional can be
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The remainder of this article is organized as follows: IA. Definition of an Algorithm

section I, we provide a concise introduction to the basic | ot s consider a scalar functioh which maps an open

mathematics of algorithmic differentiation. In sectio, We  gpsery of the P-dimensional Euclidian spad@” to a subset
illustrate, in detail, the practical application of alghric Y of the real lineR:

differentiation by considering a simple image regulaitat

model. In section 1V, we apply algorithmic differentiation f: XCRF -Y CR. 3)
three common vision problems, namely denoising, segmenta- )

tion, and stereo. Finally, in section V, we give some concllf @an element of X' is referred to as the column vector

P . . .

sions and suggest possible directions for future invetitiga X = [%p],—; and if y denotes the image ot in Y’ we may
alternatively write

y=1r(x). (4)

We assume that, at any poiat € X, f is continuous and

Algorithmic differentiation is a mathematical concept ko N@s continuous partial derivatives up to the second order.
relevance to natural sciences has steadily been increiasing Correspondingly, we regarfias aC*-function on the domain
last twenty years. This proposition is especially true otene X
orology where, for a long time, algorithmic differentiatibas fe?(X). (5)
played a key role in adjoint modelling and data assimilati
[8], [12], [13]. Since differentiating algorithms is, inipciple,
tantamount to applying the chain rule of differential célcu
[14] the theoretic fundamentals of algorithmic differeiton
are long-established. However, only recent progress ifieltte
of computer science places us in a position to widely expl
its capabilities [10].

In literature, we frequently find algorithmic differentiar

" S S of algorithmic differentiation.
to be referred to as “automatic differentiation” [9]. Thetda Now, suppose we have designed an algorithm that properly
term is preferably used by mathematicians and compu¥ '

. ﬁ{plements the functiorf. To simplify matters, we here un-
erstand by the term “algorithm” a sequencentdthematical

mentations of algorithmic differentiation, called “autatit ; . .
differentiation (AD) tools” [11]. Roughly speaking, therestatements based on the fundamental arithmetic operatiahs

are two elementary aporoaches to accomplishing this ratth? small set of elementary functions intrinsic to the synta
: y app pishing f a standard programming language such as C/C++ and
challenging task, namely source transformation and oper

. . ._Fortran. Obviously, when it comes to the practical appidcat
overloading. Prominent examples of AD tools performlng y P P

source transformation include “Automatic Differentiatiof - algorithmic differentiation we also need to know how
to correctly handle more advanced programming language

Eor:ran” (¢EI|:F01R6) [15]6 Irransfordm?tl(;g otrﬁlggrltr;rr(s N elements (i.e. loops, conditional statements, procedalls,c
ortran .( ) [ ].’ an apenade” [17]. ne best noWr}nput/output statements, pointer assignments,...). [Etaild
AD tool implementing the operator overloading approach

L 2 e th , .0. [20].
‘Automatic Differentiation by Overloading in C++" (ADOL- Olr;lcg:g:enrgthaltsitliillfnititiet)gsear? ir[n ILmentation of the fumrcti
C) [18]. Finally, since it is the AD tool we have actually P

tested, we mention “Transformation of Algorithms in C++"f' we assume the algorithm to declare a totatpb P + 1

i i Q
(TAC++) [19]. Being still in its planning phase, TAC++ hasscalar variables collected in the column vectoe= [vq]qzl.

. . . _pP_1> . o :
not arrived at full functionality as yet. Nevertheless, vwavé ﬁgse d]E) trlme_al Oo?iIh:lefsoer \r/:;fcl))r:esssi::eh Zixggrrxe\:]?gr?ie; d
successfully applied TAC++ to the total variation denajsin y 9

model described in section V. efficiency. Moreover, let the non-linear operatrsymbolize

o L the totality of statements to be executed. Then, the atyarit
Principally inspired by [12] and [20], we devote the neXFnay be defined by

four subsections to briefly discussing the basic mathematic

Il. ALGORITHMIC DIFFERENTIATION

08Iearly, in case of scalar minimization problems as arising
in the field of computer vision, many objective functions
of practical interest are not as smooth as required by (5).
We may, however, expect that any such function satisfies
JE) domainwise at least. For explicit information in this
regard, see e.g. [10], where a whole chapter is devoted to the
challenge of dealing with non-differentiability in the dert

of algorithmic differentiation. More precisely, we devglo A Vi) c RQ s y(fim) c RQ (6)
a compact mathematical representation, right from the star v@n) — A (V(ini))
focusing on just those aspects that are relevant to the class ’

of computer vision problems consisting in the minimizatio(},,are v (ini) and+v®») denote the initial and final values of
ofa scalgr energy fungtmn@l: f,(x)' We demonstrgte thatv, respectively. To keep consistency, we require that every
any algorithm properly implementinfcan be differentiated to component4, of A behaves analogously t6 in terms of

generate three derivative algorithms, namely the tanljesdyr, continuity and differentiability, i. e
adjoint, and Hessian algorithms. In addition, we prove that T

these three derivative algorithms are particularly suitethe A, e C? (V(ini)) (7)
computation of the directional derivativi/9s = dy/||0x||2,
the gradientdy/0x, and the Hessian matrix-vector producfor ¢ = 1,...,Q. Without loss of generality, we may further-

(82y/8x2) - s, respectively. more determine the-th variable of the algorithm to initially



hold the function argument, and theQ-th variable to finally with » = 1,..., N and J(™) denoting the Jacobian matrix

provide the function valug. Hence, we record: related to the local operatak(™:
P
— (ini)} 8 3A(n) Q
X v, )
[vf - (8) g = | (15)
_ ,(fin) ov, o
Yy = UQ . J i,7=1

To complete this subsection, it remains to express thesuggests itself to evaluate (14) by means of recursiost, ju
algorithm’s defining equation (6) in a more detailed form. Wiking up the approach pursued in section II-A. If we do so
start out from the fact that the algorithm can be subdividé'd recall the definitions presented in (10) we can transform
into N sequential blocks of statements, each individual blod4) to eventually give
redefining any variable once at most as well as referencing 1
only values which originate from preceding blocks and/ar th v(n) _ [@ Jm (V(n—l))] oy (ind) (16)
variable initialization. Owing to the latter specificatjothe Ry

n-th block of the algorithm may be captured by
The comparison of (16) with (12) exhibits that the global

A® . vy CRQ o v C RO (9) Jacobian matrid has to be interpreted as an ordinary product
v _ A (V(n—l)) 7 of N local Jacobian matrice¥™, i.e.
1
wheren = 1,..., N. If we subject (9) to a recursive evaluation J— @ J@® 17)
starting off withn = N and consider the evident definitions iy '
v(©) = ylin) (10)  Clearly, we could also have arrived at (16) in a direct manner
v(N) = y(fin) that is, by lettingd operate on (11). Hence, the multiple matrix
_ _ product on the right-hand side of (17) is a straightforward
we eventually obtain by analogy with (6): consequence of the well-known chain rule of differential

calculus.

Aiming to illustrate the fundamentalusefulness of the
tangent-linear algorithm, we finally concretize the effe€t
the differential operatob. More precisely, we examine the
case ofo mappingv(f®) to its directional derivative, which
means setting

yER) AN JAN=1) o A (ani)). (11)

Thus, viewing the algorithm as a sequencefblocks of
statements implicates that the global operatorhas to be
understood as a composition df local operatorsA (®),

0 =09/8w™, (18)
B. Tangent-Linear Algorithm
where dw(™) = ||ov(®)|,. By insertion of (18) into (12)
and with w(i®) denoting the unit vector codirectional with
ov(in) we have

Let us introduce a differential operator which involves
merely first-order differential operations. For instancenaps
a function to its total differential, its directional desitve,
or its gradient. The application af to the basic algorithm’s Gy (fin)
defining equation (6) leads to EW)

ov(fin) = 3 (V(i"i)) ovlind, (12) As a result, we come to the conclusion that, in order for

) ) ) _the tangent-linear algorithm to yield the directional dative
where J stands for the Jacobian matrix associated with thg,(n) /5,,(n) e must simply initialize the tangent-linear

—-J (v<i“i>) (i) (19)

global operatorA.: variable vectobv with the normalized direction vectav (7).
oA Q Thus, the following equivalence applies:
J=|—=1 : (13) (6in)
8(.Inl).. f _aV ini) _ < (ini)
L P ovin) = Shs o avn) S wlin).(20)

It is important to point out thadl, unlike A, preserves linear
combinations. Consequently, may be treated as a linear
operator.

The algorithm defined by (12) is generally denominat
“tangent-linear algorithm” [21]. In order to gain more dégd

Inasmuch as the basic algorithm constitutes an implenientat
of the function f our interest is ultimately confined to the
djrectional derivative)y/Js = dy/||0x]|2. In any case, if we
ke (8) into account we see that

information thereon, we applp to (9) as well. Thus, we P 9y _
find that then-th block of the tangent-linear algorithm is 8_y =3 ani) = Dvgm). (21)
S w

represented by

So,0y/ds is just equal to the final value of thg-th tangent-
ov = g0 (V(nfl)) v, (14)  linear variable.



C. Adjoint Algorithm contain a considerable amount @dundantinformation. In

We are free to conceive an algorithm which arises in PNt of fact, (9) may be restricted to

course of transposing the global Jacobian matffix This AM . -1 c RQn , () © R@n (29)
algorithm is generally known as “adjoint algorithm” [21]yB ? Eln) _(n) (nilgl -
virtue of (17), we find that the transpose bfis given by the Va = A, (Vn ) ’

multiple matrix product

wherev,, = [vn,qn]i”:1 encompasses just thosg, < @

r A~ (n)7 variables which arele factoredefined or/and referenced by the
Ol (22) ;,-th block of the basic algorithm. Likewise, (28) is redueibl
n=1
to
Correspondingly, we note: The transposition Dbfinvolves vin-1) — ,]gln)T (Vsln—l)) v, (30)
the inversion of the basic block order. Despite this facts it
quite conducive to the quantitative description of the adjo i, y™ standing for the Jacobian matrix related to the

n

algorithm if we retain the basic block numbering. This lead$.stricted local operatoA(“)'
to our defining the adjoint algorithm by the equation n

Q’Vl
<(ini) _ T (ini) |  <(fin) n) Nn,ip
v =J (v ) v, (23) J) — PR (31)
,Jn inyjn=1

So far, we have not provided any argument which motivates
the introduction of the adjoint algorithm. On this accouat, As aresult, for the purpose of generating théh block of the
us check what is the consequence of initializing the adjoif¢ljoint algorithm, we simply need to write out the equation
variable vectoi with the unit vector parallel to the,-axis, System implied by (30).
that is to say, of setting

F(fin) _ ¢ (24) D. Hessian Algorithm

Q-
. . L . . . Suppose we are concerned with a computer vision prob-
Allowing for this cqncretlgat!on gnd bearlng_ (13) in mln_dew lem whose solution requires the minimization of the energy
carry out the matrix multiplication on the right-hand side ofunctionaly — f(x). In this case, it might be advantageous

(23). Thereby, we arrive at the following equivalence: to rely on an optimization method (such as a Hessian-free

o) Newton method [22] or an equivalent line-search method)[23]
(ini) — 5 (Q? 5 e vifin) — gq. (25) that is based on products arising from the multiplication of
v il

the Hessian matrix?y/9x2 by some direction vectas. We

In words: If we initialize the adjoint variable vect®erwith the demonstrate now that any such products are computable using
basis vectorrq we induce the adjoint algorithm to computean algorithm, here referred to as “Hessian algorithm”, \Wwhic
the gradien®v™ /ov(ini) | Given this fact, there is no doubtresults from linearizing the adjoint algorithm.

about thefundamentalusefulness of the adjoint algorithm. On this note, let us apply the differential operatofrom
Indeed, we realize by inclusion of (8) that the final valugection II-B to the adjoint algorithm’s defining equatior8)2

of ¥ incorporatesinter alia, the actually interesting gradientThereby, we have

dy/ox: .. -
(i1 P ov(ind — 37 . y(fin) 4 g7 (v<‘“‘>) ovfin) (32)
o _ | | e” (26)
0x oM ) P Jp=1 With respect to the&) x @ matrix 0J7, we can prove that
p

At last, we shall illustrate the procedure for deriving the 0J7 = [Hl (v(i“i)) covind H, (v(i“i)) covind)
statements of the adjoint algorithm. To begin with, we ihser . -
. . - . .. H (ini) ) | g (ini) (33)
(22) into (23), thus causing the adjoint algorithm’s defgin o HQ VY v )
equation to assume the more detailed form

N
wiini) — [@ g’ (v<“—1>)] -yifin) (27)
n=1

whereH, represents the Hessian matrix associated with the
g-th component of the global operatdr, meaning

Q
. » - Y R (34)
In consideration of the definitions specified in (10), we aatr dv™au™ | -
from (27) that then-th block of the adjoint algorithm is ' “=
represented by for ¢ = 1,...,Q. In view of the latter two relations, it is
r straightforward to conclude from (32) that the equivalence
F(n-1) _ y(n) (mel)) ), (28)
.. 92y .. v =Vq
wheren = 1,...,N. Now, we return to section II-A to  ovi™) = 5 (.Q.)z wiinl o f g _ g (35)
v imni

become conscious that (9), and hence (28), might possibly oy (ini) — y(ind)



holds for an arbitrary direction vectox ™), provided Vq yj;] are equal in size. By definition, the use of a Cartesian grid
denotes the unit vector codirectional with thg-axis. Even- implies a rectangular domaid = [z1, z,,] X [y1, Yn]-

tually, if we take (8) into consideration and allow for Functional (38) can easily be discretized by replacing the
p integral terms by sums, giving
S = [wz()lnl)L_l (36) m n . .
B E =~ (uﬂ —gi,-) +04|V’U,i7‘| (39)
we obtain, as suggested above: ;;[ ! ’ ! }
) 524, ) P For discretization of the gradient operator we use a simgge fi
a_'z s = ( ‘e 5 ,W(ini)> - order forward differencing scheme defined by
ox Sy (ini)
P e (Vusl* =~ (Grui)® + (yuss)” (40)
= [Dig”i)} . (37) where
p=1
. . ] ) S - — Uit1,5 — g5 41
Since each column of an arbitrary matrix can be expressed in alliy = = An (41)
the form of a matrix-vector product an appropriateégtorized Wi jt1 — Uij
variant of the Hessian algorithm theoretically yields tin¢ire Oy, = Ay :

Hessian matrixd?y/0x2. However, given thatf is highly
multivariate (i.e.P 2 1000), the practicability of comput-
ing 9%y/0x2 almost certainly depends ofi*y/0x? being
sufficiently sparse and, subsequently, on the availabdity fu

adequate sparsity information. As a matter of fact, the ephc . .
q P y ep to u, we considera and g as independent constants, but

of algorithmic differentiation does include methods, kmoas . !
in general all parameters can be treated as variables. For

automatic sparsity detec_uon 10 efﬁue_ntly determlmassny simplicity, boundary conditions have been omitted, butythe
patterns of large Jacobian and Hessian matrices. A further : ) .

. . ; . ould easily be added to the implementation. Clearly, the
discussion of this advanced topic, though, goes beyond tbe

. . oundary conditions would then also be included in the
scope of our introductory article, so that we refer the MO%erivative algorithms. As implied in section II-A, we have
interested reader to the respective literature (e.g. [R4]) 9 ' P '

. : divided the algorithm into three blocks of statements.
at this point.

Without loss of generality and for simplicity we may assume
Ax =Ny =1.

Algorithm 1 shows the implementation of the discrete
nctional (39). Since the variational problem solely refe

Algorithm 1 Tikhonov Regularization (TR)

Constants: o, g

Having briefly discussed the basic mathematics of algoritRariables: u, 8§, £ =0
mic differentiation, we now illustrate the concept of algjor for (i,7) = (1,1) to (m,n) do
mic differentiation by considering th&khonov regularization
[25], a simple model often used for regularization of noisy  §; = u;41,; — wij
signals. The energy functional associated with the firseord 02 = u; j4+1 — u; j
regularized model is given by

IIl. AN INSTRUCTIVE EXAMPLE

5y = 62 + 62

= u — 2 (6% ’LL2
E_/Q( 92 da+ /Q|V|dQ (38)

where g is the given signal (image)y is the unknown,
regularized image and is a free parameter which controls the end for
amount of regularization. The first term isIg data fidelity Result: E
term. The second term is a smoothness term that penalizes
high variations inu. We point out, that the first-order model
can be extended to the full Tikhonov model by additionall
penalizing higher-order derivatives in the smoothnesmter
In this case, the Tikhonov model can be used to implementAlgorithm 2 shows the tangent-linear variant of Algorithm
Gaussian convolution [26]. 1. According to (16), we obtain the tangent-linear alganth
by gradually applying the differential operato(indicated by
the prefixti_) to each statement of the basic algorithm. Given
that for-loops are just short notations for repeating blocks of
Before we start to implement the Tikhonov model, wstatements, they are not changed in the tangent-linear. code
briefly recall the notation used for image discretizatiorialsh In fact, the three blocks of Algorithm 1 transform to the
will be used throughout the paper. We are using a 2D Cartes@orresponding blocks of Algorithm 2. SincE depends on
grid which is defined ag§p;; = (x;,y;)|1 < ¢ <m, 1 < the variables; andd, in a non-linear fashion, recomputation
j < n}. For convenience, we are using a uniform grid, foof these variables is necessary before the second blocleof th
which all the subintervald\z = [z,11 —z;] andAy = [y;+1— tangent-linear algorithm can actually be computed.

E = E —|— (ul-_,j — gi_’j)Q —|— Oé(Sg

\é. Tangent-Linear Tikhonov Regularization

A. Implementation of Tikhonov Regularization



As indicated in (20), the output of Algorithm 2 basicallyalgorithm is initialized byud_E = 1 andad_u = @ (see (25)).
depends on the initialization ¢t_FE andtl_u. Since the goal
is to find thoseu; ; which minimize E, we are interested in _ __
computing the partial derivative3E /du; ;. Thus we obtain Algorithm 3 Adjoint TR
OF/du; ; from the tangent-linear algorithm by initializing Constants: a, g
tI_E = 0 and tl.u with the unit vector co-directional with Variables: u, 8§, ad.u=0, ad_§ =0
u;,;. This implies, that the tangent-linear algorithm has to be for (i,5) = (m,n) to (1,1) do
executednn times to compute the entire gradient with respect
to u. Due to this high computational costs, we do not use the ad_u; ; = ad_u; j + 2 (u; ; — gi,;) - ad-E
tangent-linear algorithm to compute the gradient. However ad_d3 = ad_d3 + o - ad_E
the tangent-linear algorithm is the most fundamental ore an  ad_E = ad_E
serves as a basis for further derivative algorithms. 01 = Uiq1,5 — Ui g

02 = Ui j41 — Ui

ad_EF =1

)

Algorithm 2 Tangent-Linear TR

Constants: «, g ad_d; = ad_01 + 241 - ad_03
Variables: u, 6, tlLu=4d, t1.5, t{_E =0 ad_0y = ad_dy 4 20 - ad_d3
for (i,7) = (1,1) to (m,n) do ad-d3 =0
tl_51 = tl_ui+17j — tl_um- ad—ui,j = ad—ui,j - ad—51 - ad—62
tl 6o = w1 — tlug g ad—ui+1,j = ad—UiJrl,j + ad_6;
(51 = Ui+1,j — ui,j ad_ui7j+1 = ad_ui7j+1 =+ ad_52

8y = Ui ji1 — Ui ad-0y =0
al ’ ad_62 =0
tl_03 = 201 - t1_61 + 285 - tl_02
end for
tiE=tl_E+2 (um» - gi,j) . tl_ui,j + - tl_63 Result: ad_u (8E/au)

end for
Result: tI_E (0F/dd)

D. Equivalence of the Adjoint Variant and the Euler-Lagrang

Equation
By the calculus of variations, the first order variation a8)3
C. Adjoint Tikhonov Regularization is given by
Algorithm 3 shows the adjoint variant of Algorithm 1. It is 2(u—g) = 20Au=0, (44)

obtained by applying the rules developed in section II-C. Agjth Neumann boundary condition
the transposition of the global Jacobian involves an ingars o

of the information flow the adjoint algorithm is generated by —=0. (45)
gradually evaluating each adjoint block of the reversedcbas on

algorithm. In other words, deriving the adjoint algorithtarss When analyzing the behaviour of Algorithm 3, it can be seen
with processing the last block executed in the basic algorit that the information at a certain positiai, j) contributes
Therefore, let us consider the third block of Algorithm 1t0 ad-u;;, ad-ui+1; and ad-u; ;1. Fig. 1 illustrates the

According to (29) we have information flow of the adjoint algorithm. Summing up the
o individual contributions, the adjoint variabtel_u at position
Uq, 5 Us,j .. .
(i,4) yields
03 | = d3 ) (42)
E E+ (ui_,j — giyj)Q + ads ad—ui-ﬂ' =2 (ui-,j - gi,j) +

Subsequently, we obtain from (30): o (= 0atti,j — Oytti j + Oathi—1,j + Oyij—1) (46)

Using the equivalence of the one-sided finite differences fo

ad_u; ; 1 0 2(ujj—gii ad_u; ; . . ]

J (tij = 9i.3) " adjacent grid points,

adds | =10 1 o | ad.ds

ad_E 0 0 1 ad_E Opthim1,j = Wij = Wil

(43)
The adjoint statements are obtained by simply writing down
the equation system of (43). In fact, the first three lineshef t (46) simplifies to
adjoint algorithm correspond to those equations. In sectio o N N
II-C it was indicated that the adjoint algorithm is prefdeab ad-ig =2 (Ui = gis) = 208035, (48)
for computing gradients because all the partial derivativevhere Au; ; = wit1,; + wi—1,j + Wi j+1 + Ui j—1 — 4du,; IS
OF/0u; ; are computed at once. For this purpose, the adjoiatsecond order approximation of the Laplace operatoy ;.

Oyt j—1 = Ui,j — Ui j—1 (47)



Comparing (48) with (44), one can see that the output of tHggorithm 4 Hessian TR

adjoint model is equivalent to a second order discretinationstants: «, g

of the corresponding Euler-Lagrange equation. We point ovariables: u, 8, ad_8§ =0, ad_E =1, tl.u =d,
that this equivalence merely holds for linear problems sagh t1.8, heu=0, he §=0, he. =0
(38). For nonlinear problems, the numerical schemes wouldfor (i,j) = (m,n) to (1,1) do

be completely different.

he_ui_j = he_uiyj + 2 (ul-_,j — gi,j) -he_E +
+ 2ad_F - tl_um

he_03 = he_d3 +a - he_E

he_ E = he_FE

tl_51 = tl_ui+17j - tl_uiyj

tl_52 = tl_ui7j+1 - tl_uiyj

ad_63 = ad_d3 + o - ad_E

01 = Uig1,j — Wiy

02 = Ui j4+1 — Ui j

he_01 = he_61 + 261 - he_03 + 2ad_d3 - tl_01

Fig. 1. Information flow at a single pixel in the adjoint modet Tikhonov he_0s = he_03 + 285 - he_03 + 2ad_d3 - tl_0o
Regularization. he b3 =0

he_uz-,j = he_um — h€_61 — h€_62

E. Hessian Tikhonov Regularization he-uiy1,; = he_uit1 j + he 8
Algorithm 4 shows the Hessian variant of the basic algo- he-ui j+1 = he-u; i1 + he-ds

rithm. It is obtained by deriving the tangent-linear algom of he 61 =0

the adjoint algorithm. The initialization concept of thedd@n he 62 =0

algorithm is equivalent to that of the tangent-linear ailidyon.
The second-order derivativﬁE/auiyjaukﬂl (corresponding end for

to one column of the Hessian matrix) are therefore obtain&@sult: he_u ((0>E/0u?) - d)
by initializing tl_u with the unit vector co-directional with
ug,, for a specifick € [1,m] and! € [1,n]. Thus, the
complete Hessian is obtained by running the Hessian algorit . s o improve its performance and has been extended to

mn times. Clearly, for large problems, the computation of thﬁlany other tasks such as image decomposition [29], inpainti
complete Hessian matrix can be quite expensive in time a ], and blind deconvolution [31].

memary. However, for Newton-type Ilne-.s.earch purposes [2 The total variation denoising (TVD) model can be expressed
or Hessian-free Newton methods [22]), it is only necessary &< w.o minimizer of the following energy functional
compute the product of the Hessian matrix with some diractio

vectors. For this purpose the Hessian algorithm is initialized 1 2
by tlLu = s and the result is obtained from a single call of Ervp = 2 /Q (u—yg)" d + /Q Vul d€2,
the Hessian algorithm (see (35)).

(49)

where g is the observed image data, is the regularized
image anda is a parameter which controls the amount of
PROBLEMS reg_ularization. The first inte_grgl term is a data fidelityner
. N ... which ensures that the solutiaris close tag. The second term
.In qrder tq d.emonstrate the wide applicability of algor'thfs the total variation (TV) and penalizes for high variagon
mic differentiation, we apply the proposed methods to thrgﬁ u. The main property of this term is, that it disfavours

commonly encountered vision problems: Denoising (image . vions such as noise, but allows for sharp discoittes
decomposition), segmentation and stereo. For minimiaaifo I(ﬁdges)

the functionals, we use a common optimization framewo

consisting of standard algorithms such as the method %fl) D|spret|zat|on:Comp§\r|ng_(49) to (38), one can see, that
the functionals are almost identical except for the nornduse

steepest descent, the conjugate gradient method and the qlfﬁe regularization term. Therefore we only have to refoatail
Newton method (see [23]). the total variation term which yields

IV. ALGORITHMIC DIFFERENTIATION FORVISION

A. Denqgngl . _ o |Vu, ;| ~ \/(5zui7j)2 + (5yu1-,j)2 ’ (50)
Denoising is commonly used for image restoration which is

a significant task in early vision. Total variation minintigi with d,u; ; and d,u; ; as in (40). Due to the non-

models [27] have become very popular in edge preservidgferentiability of the total variation term in zero, onah

image denoising. Over the years the original formulation &6 give some attention to the implementation of this term.

Rudin, Osher and Fatemi [28] has been modified in variod$e first commonly used method consists of adding a small



constante > 0, resulting in ui; = Gij — a(din*)m. See [34] for more information
5 5 about the anisotropic version.
(V| = \/(51%',]') + (Oyui )" + €. (51)  3) Variants of the TVD modeln [35], the authors describe

The second possibility, which is more in the spirit of algot-he relations between anisotropic diffusion (such as th®TV

rithmic differentiation is to implement the total variatieerm Model) and robust statistics. They showed, that anisatropi
using conditional branching. diffusion can be seen as a robust estimation procedureewher

edges are treated as outliers. A commonly used error norm

IV, i|° = { 0 if [Vuij| =0 (52) from the robust statistics literature is Huber's minmaxmor
J [Vu; ;| else [36]:

Using this formulation, the non-differentability is autatn |z] if |2 >0, 0>0

ically removed when deriving the adjoint code. This also  fHuPer(z) :{ o g2 ’ (56)

conforms to the underlying optimization problem for which 3+ 5 else

vanishing image gradients do not contribute to the energyr large values, this norm is equivalent to thenorm (as in

functional. The complete discrete energy can consequbetlythe TVD model), but for small values it is designed to be the

written as quadraticL, norm. The integration of (56) into (53) is very
p i zn:[ 1 « 2 4 v Ic} (53) straight_forward and can also be implemented using conditio

TVD 22 ey Wi T Yis il | s branching.
|Vui,j| if |Vui7j| >0

2+ 5| Vu; ;2 else. (57)

which can be implemented similar to Algorithm 1. In fact, |Vu, ;[ = {
Algorithm 5 (Appendix) shows the basic algorithm imple-
menting (53). Algorithm 6 is the adjoint variant implemerfi Another interesting robust error norm is due to Geman et al.
the gradient ofEryp. In Algorithm 7 and Algorithm 8, we [37]:
also show some excerpts of the C++ implementation and the Goman z?
adjoint code as generated by the preprocessor TAC++ [19]. In f () = 1+ B2’
order to compute the full gradient, one has to do the fO||@Nin|
initialization (see also section llI-Cf:* rof ret _ad) = 1
and(*u.ad) = [0,...,0].Comparing Algorithm 6 with
Algorithm 8, one can see that the manually derived code aﬁi
the automatically generated code are quite similar.

2) Dual Formulation of the TVD modeln [32], Chambolle
proposed a simple fixpoint algorithm solely based on the d

B8>0 (58)

n [38] it was shown that this non-convex type of error
norm (edge preserving boundary function) has the surgrisin
perty that it connects two essentially different models
e segmentation model of Mumford and Shah [6] and
the anisotropic diffusion equations of Perona and Malik[39
Lﬁgain, this error norm can be easily integrated into (53) by

formulation of the TVD model. Soas 2 (8w )2
o , |Vul_7j|Geman _ ( Iu%]) +2( yu%J) . (59)
max/gV-WdQ— —/ (V- w)? dQ, 1+5((5zui7j) + (8,ui ) )
Iwi<1/q 2 Ja

)T (54) We refer the reader to [40] for a further discussion on edge
preserving boundary functions.

4) Results: Fig. 2 shows the denoising capability of the
VD model using Algorithm 6. The parameterwas set to

70. For minimization we used a limited memory quasi-Newton

w = (w”, w?

)

where the solutiomw™ of (54) gives the solution* = g—aV-
w* of (53). The advantage of the dual formulation is that it i§
continuously differentiable inv, but it is important to note that

mgvfeovnesrtrsv'gtgve'sois'?rt;?éjzgsvssorgriﬁri?étg?lergggzlex'f:y'method [33]. In practice only a few iteratiori80 — 50) are
' 9 @NC heeded to achieve pleasing results.

be used to compute the solution of the TVD model using its Fig. 3 illustrates the convergence rates and CPU times

et obletcn, st e eI forlle8ISCE19892 (i imemenaton executed o an AMD Oper
' CPU) of three different optimization algorithms for the TVD
i N Kra _ model, whereAE’ is the change of the normalized energy.
Ep = 22[5 (divw; ;)° — giﬂ'd'vwivﬂ} » (59 The first one is based on the adjoint variant of the primal
=1 =1 TVD model (53), the second one is based on the adjoint
where divw; ; = (wf; —w} ;) + (w!; —w!, ,) is the variant of its dual formulation (55), and the last one is the
discrete divergence operator. The implementation of (85) fixed point algorithm of Chambolle [32]. It can be seen that
straightforward and its adjoint algorithm can easily bed=t. the convergence rates of all three algorithms are comparabl
In order to satisfy the constraifn; ;| < 1 we have to project Fig. 4 shows the comparison of three different robust
the gradient of (55) (obtained from the adjoint code) to therror norms for a test image. Fig. 4(b) shows the denoised
feasible region (unit circle). For this, we use a limited nogyn image using the original TVD model. One can observe the
guasi-Newton method for bound constraint optimization] [33staircasing effect of the TVD model. Fig. 4(c) shows the ltesu
Instead of|w; ;| < 1 we require|w};| < 1 and |w/;| < using Huber's minmax norm. The staircasing effect has been
1 which results in a slightly anisotropic version of the totalemoved, but the edges appear slightly blurred. Fig. 4(ojvsh
variation term. The desired solutiarf ; can be recovered via the denoising result using the robust error norm of Geman et



(b) (d)

Fig. 2. Denoising capability of the adjoint TVD model. (a)€Tbriginal image (size 350x350, intensity range 30, 255]). (b) The noisy image (Gaussian
noise,o = 50). (c) The denoised image. (d) The difference image betwbgmr({d (c).

(@ (b) (c) (d)

Fig. 4. Comparison of robust error norms. (a) The noisy inpage. (b) TVD model ¢ = 50). (c) Huber's minmax normd = 20, o = 2). (d) Edge
preserving boundary function of Geman et al<£ 10, 5 = 0.005).

al. Using this error norm, the image is well denoised and tlie Segmentation

edges are sharply preserved. ) i .
One of the best studied, but still unsolved low level vision

In this example, we considered the total variation denglsll roblems, the segmentation problem, is a typical example fo

m_ode_l of Rud!n, Osher and F_atem_i and proposed two MM inverse problem. The celebrated Mumford-Shah segmen-
mization algorithms based on its primal and dual formuranotation model [6], [41], which is closely related to statisi
We further showed that different variants can be obtainétqugtimation via maximum likelihood or maximum a posteriori

easily by changing a few lines of code. This emphasizes g, pijities [42], [43] has successfully been utilized fo
flexibility of algorithmic differentiation. several applications e.g. active contour models [44], ,[45]
[46], [47], edge detection [48], [49], image regularizatio

0 R [50], image decomposition [51], inpainting [52], regisioa
T Adoin-Dul (14539 | [53], and classification [54]. The original Mumford-Shah$i
2 Chambole @79 1] segmentation model is defined as

Bs :/ (u— g)2dﬂa/ [Vu|?dQ + BlengthT)
Q [2AVN

] (60)
where g is the observed imagey is a piecewise smooth
approximationI' is a set containing edges in a,and 3 are
tuning parameters. In its original setting, the MS funcéibis
hard to minimize, due to the lack of convexity and regularity
of the edge-length term. A solution was given by Ambrosio

log(-A E)

and Tortorelli [55] vial'-convergence, where the edge set (in
1 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 2D) is presented by means of a 2D phase field.
0 10 20 30 40 50 60 70 80 90 100 . .
iterations We address thpiecewise constaritlumford-Shah segmen-
tation model (PCMS), which is obtained from the originalfor

Fig. 3. Convergence rates of different optimization algnis for the TVD .
model. mulation bya — oo. In [47] Shen proposed B-convergence

formulation for the piecewise constant case including two
regions Q. and Q_. The associated energy functional is
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defined by In this example, we showed that the derivatives obtained

14 2\2 from algorithmic differ_entigtio_n can be_ applied very styai
EPCMS:/Q ( 5 ) (g —c)2dQ+ forward to different minimization algorithms.
1— 2 2 o 251 = - - Jacobi (67.55s)
/, ( 2 > o=y dns e

20

a/Q (96|Vz|2+ %) aQ,  (61)

wherez is the phase fieldy is a tuning parameter penalizing
the length of the edges,is theI'-convergence parameter and
¢t are the means of the corresponding regions. For a given 2

15

9(-A E)

partitioning of 2, the optimal means (see [47], Theorem 1) W
are given by y
2 v
L Jo(1£2)2gdQ 62) 0 \
Jo(1£2)2dQ
1) Discretization: A discretization of (61) and (62) can - ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
be realized easily by replacing the integral terms by sums, °~  * 0% gl 0 MW w0 w0
yielding . . Lo .
Fig. 6. Convergence rates of different optimization altyonis for the PCMS
mon 1+ 2 ; 2 2 model and the image shown in Fig. 5.
Brows=_ 3 [(F522) (au - )7+
i=1 j=1
) 9 TABLE |
<ﬂ> (gi.j _ 07)2 + PERFORMANCE OF DIFFERENT ALGORITHMS FOR THPCMSMODEL AND
2 ’ THE IMAGE SHOWN IN FIG. 5.
2 \2
(1—2z7) : .
al 9|V j|2 I } , (63) lterations | CPU Time EpcMms
i 64e Jacobi 500 67.5565 | 2.345109 - 108
q I-BFGS 174 65.09s | 2.342325 108
an Newton-CG 30 94185 | 2.342325 - 10°
m n 2 . .
+ dim Zj:l(l + 2i,)°9i.j

C

Z?;l Z;l:l(l + Zi_’j)Q (64)

For simplicity, we use forward differences to approximate t C. Stereo

gradient operator (see also section Ill-A). The recovery of motion from images is a major task of
Vi i~ (82 )2 + (525 1)2 65 biological and artificial vision systems. In the|r semmaj_rw,
V203" % (Gazis)” + (Gyzi) (65) Horn and Schunck [5] studied the so-caltgatical flow which

The implementation of (63) is again not challenging. relates the image intensity at a point and given time to the

2) Results: Fig. 5 shows the segmentation of a test immotion of an intensity pattern. From an application point of
age using the PCMS model. The phase field was initializegew, optical flow plays a major role in 3D-reconstructio]5
randomly, the parameter was set to the value of0* and and image registration [57] tasks.
the parameter was set to the value afo—'. Fig. 6 illustrates  The classical optical flow (OF) model of Horn and Schunck
the convergence rates of different optimization algorghithe which can also be utilized for stereo reconstruction is mive
first one is a Jacobi method based on linearization of therEuley
Lagrange equation as proposed by Shen [47]. The second one

is a limited memory quasi-Newton method (I-BFGS) [33] and EOF:/ (I'(p +u) - I°(p))* A2+

the third one is a Hessian-free Newton method (Newton-CG) &

[22]. For more information about these algorithms we rdfier t a/ |Vui|? + |Vug|? dQ . (66)
Q

reader to [23]. All algorithms were implemented in Matlaldan

executed on an AMD Opterozs0 CPU. To run I-BFGS only I° and I'! is a stereo image paim = (u1(p),u2(p))? is

the adjoint code (first-order derivatives) has to be gepdratthe disparity field andy is a free parameter. The first term
whereas for Netwon-CG also the Hessian code (second-oridealso known as the optical flow constraint. It assumes, that
derivatives) is needed. As predicted by the theory, I-BFG& athe intensity values of°(p) do not change during its motion
Newton-CG converge quickly, in particular in the proximityto 7!(p + u). The second term penalizes for high variations
of the solution. The Jacobi method steadily converges, kintu to obtain smooth disparity fields. Since the OF model
a big number of iterations are necessary to reach the stegeyalizes deviations in both terms in a quadratic way, its
state. Table | shows a performance comparison of the differeobustness against outliers such as noise, illuminatiamgés
algorithms. Note that aftef00 iterations the Jacobi algorithmand occlusions is clearly limited. To overcome this, selvera
has still not converged to the minimizer computed by theothenergy functionals including robust error norms and higher
methods. order data terms, have been proposed [58],[56].
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(b)

Fig. 5. Two phase segmentation using the PCMS model. (a)t linpage (size =512x512, intensity range 0, 255]). (b) Phase field: € [—1,1] after
convergence. (c) Zero crossings of the phase field supesiedpto the observed image.

Here, we consider the following energy functional for rabusvhich is defined e.g. for! as
optical flow (ROF) computation.

Pil?j =T [Z + ui,j,j] =ag+ a1u+ agﬂz R (69)
2
EROF:/ Yp ((Il(p +u) - Io(p)) + whereag, a1, andas are the coefficients of the local quadratic
& L 0 5 polynomial P, andu is the displacement ai relative to the
gVt (p+u) - VI°(p) )dQ+ origin of the polynomial. The coefficients of the polynomial
are given b
a/\IJS (Vu" - D-Vu)dQ. (67) J Y
The major differences to the basic OF model are as follows: 2 S
The functions¥ , and ¥ ¢ are chosen in terms of robust error a, = % , (71)
norms (see also section IV-A.3). We choose the norm nooLn
Up(s) = Ug(s) = /s which corresponds total variation ay = i+l oy g1 , (72)
regularization. In order to deal with illumination changes 2 "I

supplement the standard gray va_llue constapcy assumptiibre; = i + [ui;] and @ = u,; ; — [u;]; the expression
by the constancy of the spatial image gradient [S6]. Thg, ) denotes a rounding of, ; to its nearest integer value.
parameter serves as a weighting factor. Furthermore, Wg, the sequel, the same scheme is applied to construct the loc
use the image-driven anisotropic regularization techaitpu quadratic polynomiald? . with respect tol':* and P¢, with

. . : . . . 2,7 ]
avoid smoothing of the disparity field across edges [59]5TWespect tol .

method is based on a projection matdix perpendicular to  Applving the discretization rules to (67) one finally arsve
VIO — (IO,m, IO,y)T'

at
0,92 2 __ 70,z 70, _ D S
D— 1 (I yo)m—zfy OII 2[ y2 EROF—ZZ[G,L-J-FO(@Z-J} ) (73)
V1012 4242 | —I0%I%Y  (I%%)% 4~ i=1 j=1
a b where
_| DD (68)
D D 2 0 2 0 2
ciy =\ (I0; = Pl)" + 8 (Iz'ff - Pffj) +8 (Iiij - Pﬁj)
where~ is a small parameter which prevents the matrix from (74)
getting singular and additionally controls the diffusydf the 5,4
matrix.

1) Discretization: For notational simplicity, we only deal efj = \/(émumﬁDﬁj + 2(5wui7j)(5yui,j)2)3j + (6yu;,5)? D5
with the normal case, i.e. with displacements in horizontal (75)
direction and thusu = (u(p),0))T. The extension to the full
model is straightforward. 2) Results:Unlike to the previous examples, the minimiza-

All spatial derivatives are approximated using forward diftion of (73) requires a coarse to fine strategy since the gnerg
ferences), andJd, (see also (41)). Since the displacement fielflinctional has many local minima. A usual approach is to
u is real-valued, we have to do some interpolation to approgenerate an image pyramid and to solve the minimization
imate the subpixel values dft and V1! = (1%* 11¥%)T re- problem on each level. Beginning with the coarsest leve, th
spectively. Therefore, we use a quadratic interpolatitiesee  solution is then propagated as initialization to the nexerfin
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(b) ©

Fig. 7. Recovery of depth information from a stereoscopiagm pair using the ROF model. (a) Left image. (b) Right imdgg.Disparity field after
optimization. (d) Warped right image.

level until the finest level is reached. More information abo of the derivatives is readily available by the implememtatbf
such multiscale frameworks can be found in [60]. the energy functional which helps in saving time and avajdin

For optimization, we used a quasi-Newton method [33rrors.
which requires only gradient information. Thus we imple- A major capability of algorithmic differentiation is to ide
mented the discretized energy functional (73) and derivéify sparsity patterns of large Jacobian and Hessian nestric
the adjoint variant. We built an image pyramid containihg [10]. Consequently, given that vision problems are typycal
levels and ran the optimization algorithm on each levelluntarge and sparse, algorithmic differentiation could beipar
convergence was reached. On the coarsest level, the dyspdarly relevant to reducing the costs of storage and computa-
field was initialized to zero and the following parametetional time.
settings were usedi = 100.0, # = 1.0, and~ = 1.0. Fig. 7 After all, we hope that our work will contribute to the
shows the results of the ROF model applied to a stereoscogieadily growing field of variational methods in computer
image pair. Fig. 7(c) shows the successful recovery of thiésion.
depth information.

This example shows that algorithmic differentiation casoal
be successfully applied when some warping (interpolation)
included in the energy functional. It is also representafor
the large class of registration tasks which always includees
metric calculated on warped images.

APPENDIX
ALGORITHMS

Algorithm 5 Total Variation Denoising (TVD)
for (i,5) = (1,1) to (m,n) do

V. CONCLUSION 01 = Uit1,j — Uij
This article introduced the mathematical concept of algo- 0y = u§7j+12_ Wi
rithmic differentiation to the field of computer vision. Far 5 B b (s — gi )
long time, algorithmic differentiation has been used in me- T(SVD>_O thTe\;lD 20 \Wij — Jij
teorology, where models are usually highly complex and not E3 B A
representable in a closed form [12]. Focusing on a well-éefin endThyD - 7IVD 3
class of optimization problems, we briefly discussed thacbas end for

mathematics of algorithmic differentiation. We definedetr
derivative algorithms (i.e. the tangent-linear, adjoiahd
Hessian algorit_hr_ns) and illustrated their potential aqggiility. Algorthm 6 Adjoint TVD
In computer vision, many problems can be formulated as
minimization of appropriate energy functionals. Actualiye ~ for (é,7) = (m,n) to (1,1) do
considered three common such problems (namely denoising, 01 = Uit1,j — Uij
segmentation, and stereo) and demonstrated that algarithm 02 = Ui j41 = Uij

differentiation is well suited to deriving flexible and eféat _53 = 0f + 03
algorithms for their solution. if 63>0 ther11
Since our article is intended to serve as an introduction, ad_-53 = 35,
we basically performed algorithmic differentiation by llan end if
We mentioned, though, several automatic differentiat®n)( adu; ; = ad-uij + 3 (wij = gi;)

tools [11] and presented some adjoint code generated by ad_0) = 201 - ad_d3
the preprocessor TAC++. It should be pointed out that the ad_0 = 203 - ad_d3

proposed approach is justreansto obtain numerical so- ad-u;; = ad-u;j; — ad-by — ad-0;
lutions of variational problems, it does ngier se produce ad-uit1,j = ad-uip1j + ad-b,
novel solutions. Nevertheless, more sophisticated nualeri ad-u; j11 = ad-u; 11 + ad-dy

schemes showing better convergence rates and accuracy c&id for
be developed quite intuitively. Moreover, the implemeiotat



Algorithm 7 TVD - C++ implementation

double rof (int m int n, double *u0,
doubl exu, doubl e al pha) {

/1l sumup data fidelity term
el = 0.0;
for (i =0; i < size; ++i) {
V = *it_u0++ - *it_u++;
el += vxv;

}

/1l sumup total variation term
e2 = 0.0;
for (y =0; y <n-1; ++y) {
for (x =0; x <ml; ++x) {
u x = *xit_dux++ - *it_u;
u_y = *xit_duy++ - *it_u++;
grad_normu = sqgrt(u_Xx*u_X + U_y*u.y);
if (grad_normu > 0) {
e2 += grad_norm.u;
}

}

}).return ener gy
return (el/ (2.0+al pha) + e2);

Algorithm 8 Adjoint TVD - generated by TAC++

void rof _ad(..., double * _rof _ret_ad, ...,
double *u_ad, ...) {

éi;ad+:*_r of _ret_ad/ (2. 0*al pha);
e2_ad+=+_rof ret_ad;

for( y=n-1-1; y >= 0; --y ) {

for( x=0; x < m1; ++x ) {
u_x=+xit_dux-+*it_u; u_y=+it_duy-*it_u;
grad_normu=sqrt (uU_x*u_xX+u_y*u_y);
if( grad_normu > 0 )
grad_norm u_ad+=e2_ad;
}

u_x_ad+=grad_norm u_ad*(2*u_x*
(0.5F/ sgrt (u_x*u_x+u_y*u_y)));

u_y_ad+=grad_norm u_ad*(2*u_y*
(0.5F/ sgrt (u_x*u_x+u_y*u_y)));

grad_nor m u_ad=0;

*it_duy_ad+=u_y_ad;

*it_u_ad+=u_y_ad+-1;

u_y_ad=0;

*it_dux_ad+=u_x_ad;

*it_u_ad+=u_x_ad*-1;

u_x_ad=0;

}
e2 ad=0;

for( i=0; i < size; ++i ) {
v=xit _uO0-*it _u;
v_ad+=el_adx*(2*v);
*it_u_ad+=v_ad*-1;
v_ad=0;

}
el ad=0;
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