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Algorithmic Differentiation: Application to
Variational Problems in Computer Vision

Thomas Pock, Michael Pock, and Horst Bischof

Abstract— Many vision problems can be formulated as mini-
mization of appropriate energy functionals. These energy func-
tionals are usually minimized, based on the calculus of variations
(Euler-Lagrange equation). Once the Euler-Lagrange equation
has been determined it needs to be discretized in order to
implement it on a digital computer. This is not a trivial task
and, moreover, error-prone. In this article, we propose a �exible
alternative. We discretize the energy functional and subsequently
apply the mathematical concept of algorithmic differentiation to
directly derive algorithms that implement the energy functional's
derivatives. This approach has several advantages: First,the com-
puted derivatives are exact with respect to the implementation of
the energy functional. Second, it is basically straightforward to
compute second-order derivatives and thus the Hessian matrix
of the energy functional. Third, algorithmic differentiat ion is a
process which can be automated. We demonstrate this novel
approach on three representative vision problems (namely de-
noising, segmentation, and stereo) and show that state-of-the-art
results are obtained with little effort.

Index Terms— Evaluating derivatives, algorithmic differentia-
tion, variational methods, energy functional, optimization

I. I NTRODUCTION

COMPUTER vision inherently deals with the problem of
determining unknown quantities, based on the observa-

tion of their effects (e. g. recovering the 3D structure of a
stereo image pair). Such problems are referred to as “inverse
problems” and are typically ill-posed in the original sense
of Hadamard [1]. Examples of inverse problems arising in
computer vision can be found, for example, in [2], [3], and
[4]. Since the beginning of computer vision, a great number
of methods have been developed to well-pose (i. e. regularize)
inverse vision problems, and thus to facilitate the computation
of the unknown quantities. Independent of the application,
the major goal of image modelling is to �nd proper ways
to mathematically describe and analyze images.

An inverse problem can often be solved by minimization
of an energy functional which appropriately describes the
behaviour of the associated model. Mathematically speaking,
we consider the following class of minimization problems:

x � = inf
x

f y = f (x)g; (1)

where y = f (x) is the energy functional,x is the set of
input parameters to be optimized, andx � denotes the optimal
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solution. In computer vision, energy functionals are typically
of the form

y = f Data(u; g) + � f Reg(u) ; (2)

with f Data(u; g) a data term measuring the energy of the
solutionu with respect to the observed datag andf Reg(u) a
regularization term measuring the smoothness of the solution
itself. The free parameter� is used to control the amount
of regularization. Various energy functionals of this typecan
be found for quite fundamental vision tasks, e. g. optical �ow
computation [5] and segmentation [6].

The calculus of variations includes a framework for �nding
the solution of such minimization problems. The fundamental
theorem of this approach, the Euler-Lagrange differentialequa-
tion, provides anecessarycondition to describe a functional
at stationary points. It can therefore be used to determine
those parameters for which the functional yields a maximum
or minimum value. In the course of the optimization process,
derivatives of the energy functional with respect to the model
parameters have to be evaluated. However, the derivation of
the Euler-Lagrange equations can be tedious if the energy
functional is complex. Moreover (since we are dealing with
discrete images), the discretization and ef�cient numerical
implementation of partial differential equations such as Euler-
Lagrange equations are a pending issue and,per se, a scienti�c
�eld [7].

In this article, we propose a �exible alternative to the
analytical derivation of the Euler-Lagrange equations, based
on the mathematical concept of algorithmic differentiation.
Algorithmic differentiation is well-known in meteorology[8],
but has, to the best of our knowledge, not been used in
computer vision so far. In contrast to the Euler-Lagrange
formalism, derivatives of the energy functional are obtained by
directly differentiating the energy functional as implemented in
an appropriate programming language (e. g. Fortran or C/C++).
This approach has several advantages:

First, it is self-contained. This implies that the computed
derivatives are exact with respect to the algorithmic represen-
tation of the energy functional [9]. Furthermore, if the energy
functional is implemented using more accurate schemes the
implementation of the derivatives yields more accurate results
as well [10]. Second, it is basically straightforward to compute
second-order derivatives and thus the Hessian matrix of the
energy functional. With this, the energy functional can be
minimized by means of Newton-type optimization methods.
Third, algorithmic differentiation can be done automatically
using automatic differentiation (AD) tools [11]. Especially for
complex models, this opens a lot of new perspectives to the
design and study of computer vision methods.
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The remainder of this article is organized as follows: In
section II, we provide a concise introduction to the basic
mathematics of algorithmic differentiation. In section III, we
illustrate, in detail, the practical application of algorithmic
differentiation by considering a simple image regularization
model. In section IV, we apply algorithmic differentiationto
three common vision problems, namely denoising, segmenta-
tion, and stereo. Finally, in section V, we give some conclu-
sions and suggest possible directions for future investigation.

II. A LGORITHMIC DIFFERENTIATION

Algorithmic differentiation is a mathematical concept whose
relevance to natural sciences has steadily been increasingin the
last twenty years. This proposition is especially true of mete-
orology where, for a long time, algorithmic differentiation has
played a key role in adjoint modelling and data assimilation
[8], [12], [13]. Since differentiating algorithms is, in principle,
tantamount to applying the chain rule of differential calculus
[14] the theoretic fundamentals of algorithmic differentiation
are long-established. However, only recent progress in the�eld
of computer science places us in a position to widely exploit
its capabilities [10].

In literature, we frequently �nd algorithmic differentiation
to be referred to as “automatic differentiation” [9]. The latter
term is preferably used by mathematicians and computer
scientists who are concerned with designing software imple-
mentations of algorithmic differentiation, called “automatic
differentiation (AD) tools” [11]. Roughly speaking, there
are two elementary approaches to accomplishing this rather
challenging task, namely source transformation and operator
overloading. Prominent examples of AD tools performing
source transformation include “Automatic Differentiation of
Fortran” (ADIFOR) [15], “Transformation of Algorithms in
Fortran” (TAF) [16], and “Tapenade” [17]. The best-known
AD tool implementing the operator overloading approach is
“Automatic Differentiation by Overloading in C++” (ADOL-
C) [18]. Finally, since it is the AD tool we have actually
tested, we mention “Transformation of Algorithms in C++”
(TAC++) [19]. Being still in its planning phase, TAC++ has
not arrived at full functionality as yet. Nevertheless, we have
successfully applied TAC++ to the total variation denoising
model described in section IV.

Principally inspired by [12] and [20], we devote the next
four subsections to brie�y discussing the basic mathematics
of algorithmic differentiation. More precisely, we develop
a compact mathematical representation, right from the start
focusing on just those aspects that are relevant to the class
of computer vision problems consisting in the minimization
of a scalar energy functionaly = f (x). We demonstrate that
any algorithm properly implementingf can be differentiated to
generate three derivative algorithms, namely the tangent-linear,
adjoint, and Hessian algorithms. In addition, we prove that
these three derivative algorithms are particularly suitedto the
computation of the directional derivative@y=@s= @y=k@xk2,
the gradient@y=@x, and the Hessian matrix-vector product�
@2y=@x2

�
� s, respectively.

A. De�nition of an Algorithm

Let us consider a scalar functionf which maps an open
subsetX of theP-dimensional Euclidian spaceRP to a subset
Y of the real lineR:

f : X � RP 7! Y � R: (3)

If an element of X is referred to as the column vector
x = [ xp]Pp=1 and if y denotes the image ofx in Y we may
alternatively write

y = f (x) : (4)

We assume that, at any pointx 2 X , f is continuous and
has continuous partial derivatives up to the second order.
Correspondingly, we regardf as aC2-function on the domain
X :

f 2 C2 (X ) : (5)

Clearly, in case of scalar minimization problems as arising
in the �eld of computer vision, many objective functions
of practical interest are not as smooth as required by (5).
We may, however, expect that any such function satis�es
(5) domainwise, at least. For explicit information in this
regard, see e. g. [10], where a whole chapter is devoted to the
challenge of dealing with non-differentiability in the context
of algorithmic differentiation.

Now, suppose we have designed an algorithm that properly
implements the functionf . To simplify matters, we here un-
derstand by the term “algorithm” a sequence ofmathematical
statements based on the fundamental arithmetic operationsand
the small set of elementary functions intrinsic to the syntax
of a standard programming language such as C/C++ and
Fortran. Obviously, when it comes to the practical application
of algorithmic differentiation we also need to know how
to correctly handle more advanced programming language
elements (i. e. loops, conditional statements, procedure calls,
input/output statements, pointer assignments,. . . ). For details
concerning this issue, see e. g. [20].

In order that it constitutes an implementation of the function
f , we assume the algorithm to declare a total ofQ � P + 1
scalar variables collected in the column vectorv = [ vq]Qq=1 .
Q � P � 1 � 0 of these variables are auxiliary variables
used by the algorithm for reasons such as convenience and
ef�ciency. Moreover, let the non-linear operatorA symbolize
the totality of statements to be executed. Then, the algorithm
may be de�ned by

A : V ( ini) � RQ 7! V ( �n ) � RQ (6)

v ( �n ) = A
�

v ( ini )
�

;

wherev ( ini ) and v ( �n ) denote the initial and �nal values of
v , respectively. To keep consistency, we require that every
componentAq of A behaves analogously tof in terms of
continuity and differentiability, i. e.

Aq 2 C2
�

V ( ini)
�

(7)

for q = 1 ; : : : ; Q. Without loss of generality, we may further-
more determine thep-th variable of the algorithm to initially
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hold the function argumentxp and theQ-th variable to �nally
provide the function valuey. Hence, we record:

x =
h
v( ini)

p

i P

p=1
(8)

y = v( �n )
Q :

To complete this subsection, it remains to express the
algorithm's de�ning equation (6) in a more detailed form. We
start out from the fact that the algorithm can be subdivided
into N sequential blocks of statements, each individual block
rede�ning any variable once at most as well as referencing
only values which originate from preceding blocks and/or the
variable initialization. Owing to the latter speci�cation, the
n-th block of the algorithm may be captured by

A (n ) : V (n � 1) � RQ 7! V (n ) � RQ (9)

v (n ) = A (n )
�

v (n � 1)
�

;

wheren = 1 ; : : : ; N . If we subject (9) to a recursive evaluation
starting off withn = N and consider the evident de�nitions

v (0) � v ( ini ) (10)

v (N ) � v ( �n )

we eventually obtain by analogy with (6):

v ( �n ) = A (N ) � A (N � 1) � � � � � A (1)
�

v ( ini )
�

: (11)

Thus, viewing the algorithm as a sequence ofN blocks of
statements implicates that the global operatorA has to be
understood as a composition ofN local operatorsA (n ) .

B. Tangent-Linear Algorithm

Let us introduce a differential operatord which involves
merely �rst-order differential operations. For instance,d maps
a function to its total differential, its directional derivative,
or its gradient. The application ofd to the basic algorithm's
de�ning equation (6) leads to

dv ( �n ) = J
�

v ( ini )
�

� dv ( ini ) ; (12)

where J stands for the Jacobian matrix associated with the
global operatorA :

J =

"
@Ai

@v( ini)
j

#Q

i;j =1

: (13)

It is important to point out thatJ, unlike A , preserves linear
combinations. Consequently,J may be treated as a linear
operator.

The algorithm de�ned by (12) is generally denominated
“tangent-linear algorithm” [21]. In order to gain more detailed
information thereon, we applyd to (9) as well. Thus, we
�nd that the n-th block of the tangent-linear algorithm is
represented by

dv (n ) = J (n )
�

v (n � 1)
�

� dv (n � 1) ; (14)

with n = 1 ; : : : ; N and J (n ) denoting the Jacobian matrix
related to the local operatorA (n ) :

J (n ) =

"
@A(n )

i

@v(n � 1)
j

#Q

i;j =1

: (15)

It suggests itself to evaluate (14) by means of recursion, just
taking up the approach pursued in section II-A. If we do so
and recall the de�nitions presented in (10) we can transform
(14) to eventually give

dv ( �n ) =

"
1K

n = N

J (n )
�

v (n � 1)
�

#

� dv ( ini ) : (16)

The comparison of (16) with (12) exhibits that the global
Jacobian matrixJ has to be interpreted as an ordinary product
of N local Jacobian matricesJ (n ) , i. e.

J =
1K

n = N

J (n ) : (17)

Clearly, we could also have arrived at (16) in a direct manner,
that is, by lettingd operate on (11). Hence, the multiple matrix
product on the right-hand side of (17) is a straightforward
consequence of the well-known chain rule of differential
calculus.

Aiming to illustrate the fundamentalusefulness of the
tangent-linear algorithm, we �nally concretize the effectof
the differential operatord. More precisely, we examine the
case ofd mappingv ( �n ) to its directional derivative, which
means setting

d = @=@w( ini) ; (18)

where @w( ini) = k@v ( ini ) k2. By insertion of (18) into (12)
and with ŵ ( ini ) denoting the unit vector codirectional with
@v ( ini ) , we have

@v ( �n )

@w( ini)
= J

�
v ( ini )

�
� ŵ ( ini ) : (19)

As a result, we come to the conclusion that, in order for
the tangent-linear algorithm to yield the directional derivative
@v ( �n ) =@w( ini) , we must simply initialize the tangent-linear
variable vectordv with the normalized direction vector̂w ( ini ) .
Thus, the following equivalence applies:

dv ( �n ) =
@v ( �n )

@w( ini)
, dv ( ini ) = ŵ ( ini ) : (20)

Inasmuch as the basic algorithm constitutes an implementation
of the functionf our interest is ultimately con�ned to the
directional derivative@y=@s= @y=k@xk2. In any case, if we
take (8) into account we see that

@y
@s

=
@v( �n )

Q

@w( ini)
= dv( �n )

Q : (21)

So,@y=@sis just equal to the �nal value of theQ-th tangent-
linear variable.



4

C. Adjoint Algorithm

We are free to conceive an algorithm which arises in the
course of transposing the global Jacobian matrixJ. This
algorithm is generally known as “adjoint algorithm” [21]. By
virtue of (17), we �nd that the transpose ofJ is given by the
multiple matrix product

JT =
NK

n =1

J (n ) T
: (22)

Correspondingly, we note: The transposition ofJ involves
the inversion of the basic block order. Despite this fact, itis
quite conducive to the quantitative description of the adjoint
algorithm if we retain the basic block numbering. This leads
to our de�ning the adjoint algorithm by the equation

v ( ini ) = JT
�

v ( ini )
�

� v ( �n ) : (23)

So far, we have not provided any argument which motivates
the introduction of the adjoint algorithm. On this account,let
us check what is the consequence of initializing the adjoint
variable vectorv with the unit vector parallel to thevQ -axis,
that is to say, of setting

v ( �n ) = v̂ Q : (24)

Allowing for this concretization and bearing (13) in mind, we
carry out the matrix multiplication on the right-hand side of
(23). Thereby, we arrive at the following equivalence:

v ( ini ) =
@v( �n )

Q

@v ( ini )
, v ( �n ) = v̂ Q : (25)

In words: If we initialize the adjoint variable vectorv with the
basis vector̂v Q we induce the adjoint algorithm to compute
the gradient@v( �n )

Q =@v ( ini ) . Given this fact, there is no doubt
about thefundamentalusefulness of the adjoint algorithm.
Indeed, we realize by inclusion of (8) that the �nal value
of v incorporates,inter alia, the actually interesting gradient
@y=@x:

@y
@x

=

"
@v( �n )

Q

@v(ini)
p

#P

p=1

=
�
v(ini)

p

� P

p=1
: (26)

At last, we shall illustrate the procedure for deriving the
statements of the adjoint algorithm. To begin with, we insert
(22) into (23), thus causing the adjoint algorithm's de�ning
equation to assume the more detailed form

v ( ini ) =

"
NK

n =1

J (n ) T
�

v (n � 1)
�

#

� v ( �n ) : (27)

In consideration of the de�nitions speci�ed in (10), we extract
from (27) that then-th block of the adjoint algorithm is
represented by

v (n � 1) = J (n ) T
�

v (n � 1)
�

� v (n ) ; (28)

where n = 1 ; : : : ; N . Now, we return to section II-A to
become conscious that (9), and hence (28), might possibly

contain a considerable amount ofredundantinformation. In
point of fact, (9) may be restricted to

A (n )
n : V (n � 1)

n � RQn 7! V (n )
n � RQn (29)

v (n )
n = A (n )

n

�
v (n � 1)

n

�
;

where vn = [ vn;q n ]Qn

qn =1 encompasses just thoseQn � Q
variables which arede factorede�ned or/and referenced by the
n-th block of the basic algorithm. Likewise, (28) is reducible
to

v (n � 1)
n = J (n )

n
T

�
v (n � 1)

n

�
� v (n )

n ; (30)

with J (n )
n standing for the Jacobian matrix related to the

restricted local operatorA (n )
n :

J (n )
n =

"
@A(n )

n;i n

@v(n � 1)
n;j n

#Qn

i n ;j n =1

: (31)

As a result, for the purpose of generating then-th block of the
adjoint algorithm, we simply need to write out the equation
system implied by (30).

D. Hessian Algorithm

Suppose we are concerned with a computer vision prob-
lem whose solution requires the minimization of the energy
functional y = f (x). In this case, it might be advantageous
to rely on an optimization method (such as a Hessian-free
Newton method [22] or an equivalent line-search method [23])
that is based on products arising from the multiplication of
the Hessian matrix@2y=@x2 by some direction vectors. We
demonstrate now that any such products are computable using
an algorithm, here referred to as “Hessian algorithm”, which
results from linearizing the adjoint algorithm.

On this note, let us apply the differential operatord from
section II-B to the adjoint algorithm's de�ning equation (23).
Thereby, we have

dv ( ini ) = dJT � v ( �n ) + JT
�

v ( ini )
�

� dv ( �n ) : (32)

With respect to theQ � Q matrix dJT , we can prove that

dJT =
h
H 1

�
v ( ini )

�
� dv ( ini ) ; H 2

�
v ( ini )

�
� dv ( ini ) ;

: : : ; H Q

�
v ( ini )

�
� dv ( ini )

i
; (33)

whereH q represents the Hessian matrix associated with the
q-th component of the global operatorA , meaning

H q =

"
@2Aq

@v( ini)
j @v( ini)

i

#Q

i;j =1

(34)

for q = 1 ; : : : ; Q. In view of the latter two relations, it is
straightforward to conclude from (32) that the equivalence

dv ( ini ) =
@2v( �n )

Q

@v ( ini ) 2 � w ( ini ) ,

8
<

:

v ( �n ) = v̂ Q

dv ( �n ) = ; (35)

dv ( ini ) = w ( ini )
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holds for an arbitrary direction vectorw ( ini ) , providedv̂ Q

denotes the unit vector codirectional with thevQ -axis. Even-
tually, if we take (8) into consideration and allow for

s =
h
w( ini)

p

i P

p=1
(36)

we obtain, as suggested above:

@2y
@x2 � s =

2

4

 
@2v( �n )

Q

@v ( ini ) 2 � w ( ini )

!

p

3

5

P

p=1

=

=
h
dv( ini)

p

i P

p=1
: (37)

Since each column of an arbitrary matrix can be expressed in
the form of a matrix-vector product an appropriatelyvectorized
variant of the Hessian algorithm theoretically yields the entire
Hessian matrix@2y=@x2 . However, given thatf is highly
multivariate (i. e.P & 1000), the practicability of comput-
ing @2y=@x2 almost certainly depends on@2y=@x2 being
suf�ciently sparse and, subsequently, on the availabilityof
adequate sparsity information. As a matter of fact, the concept
of algorithmic differentiation does include methods, known as
“automatic sparsity detection”, to ef�ciently determine sparsity
patterns of large Jacobian and Hessian matrices. A further
discussion of this advanced topic, though, goes beyond the
scope of our introductory article, so that we refer the more
interested reader to the respective literature (e. g. [24],[10])
at this point.

III. A N INSTRUCTIVE EXAMPLE

Having brie�y discussed the basic mathematics of algorith-
mic differentiation, we now illustrate the concept of algorith-
mic differentiation by considering theTikhonov regularization
[25], a simple model often used for regularization of noisy
signals. The energy functional associated with the �rst order
regularized model is given by

E =
Z



(u � g)2 d
 + �

Z



jr uj2 d
 (38)

where g is the given signal (image),u is the unknown,
regularized image and� is a free parameter which controls the
amount of regularization. The �rst term is aL 2 data �delity
term. The second term is a smoothness term that penalizes
high variations inu. We point out, that the �rst-order model
can be extended to the full Tikhonov model by additionally
penalizing higher-order derivatives in the smoothness term.
In this case, the Tikhonov model can be used to implement
Gaussian convolution [26].

A. Implementation of Tikhonov Regularization

Before we start to implement the Tikhonov model, we
brie�y recall the notation used for image discretization which
will be used throughout the paper. We are using a 2D Cartesian
grid which is de�ned asf p i;j = ( x i ; yj ) j 1 � i � m; 1 �
j � ng. For convenience, we are using a uniform grid, for
which all the subintervals4 x = [ x i +1 � x i ] and4 y = [ yj +1 �

yj ] are equal in size. By de�nition, the use of a Cartesian grid
implies a rectangular domain
 = [ x1; xm ] � [y1; yn ].

Functional (38) can easily be discretized by replacing the
integral terms by sums, giving

E �
mX

i =1

nX

j =1

h
(ui;j � gi;j )2 + � jr ui;j j2

i
(39)

For discretization of the gradient operator we use a simple �rst
order forward differencing scheme de�ned by

jr ui;j j2 � (� x ui;j )2 + ( � y ui;j )2 ; (40)

where

� x ui;j =
ui +1 ;j � ui;j

� x
(41)

� y ui;j =
ui;j +1 � ui;j

� y
:

Without loss of generality and for simplicity we may assume
4 x = 4 y = 1 .

Algorithm 1 shows the implementation of the discrete
functional (39). Since the variational problem solely refers
to u, we consider� and g as independent constants, but
in general all parameters can be treated as variables. For
simplicity, boundary conditions have been omitted, but they
could easily be added to the implementation. Clearly, the
boundary conditions would then also be included in the
derivative algorithms. As implied in section II-A, we have
divided the algorithm into three blocks of statements.

Algorithm 1 Tikhonov Regularization (TR)

Constants: �; g
Variables: u; � ; E = 0

for (i; j ) = (1 ; 1) to (m; n) do

� 1 = ui +1 ;j � ui;j

� 2 = ui;j +1 � ui;j

� 3 = � 2
1 + � 2

2

E = E + ( ui;j � gi;j )2 + �� 3

end for
Result: E

B. Tangent-Linear Tikhonov Regularization

Algorithm 2 shows the tangent-linear variant of Algorithm
1. According to (16), we obtain the tangent-linear algorithm
by gradually applying the differential operatord (indicated by
the pre�x tl ) to each statement of the basic algorithm. Given
that for -loops are just short notations for repeating blocks of
statements, they are not changed in the tangent-linear code.
In fact, the three blocks of Algorithm 1 transform to the
corresponding blocks of Algorithm 2. SinceE depends on
the variables� 1 and� 2 in a non-linear fashion, recomputation
of these variables is necessary before the second block of the
tangent-linear algorithm can actually be computed.
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As indicated in (20), the output of Algorithm 2 basically
depends on the initialization oftl E andtl u. Since the goal
is to �nd thoseui;j which minimizeE, we are interested in
computing the partial derivatives@E=@ui;j . Thus we obtain
@E=@ui;j from the tangent-linear algorithm by initializing
tl E = 0 and tl u with the unit vector co-directional with
ui;j . This implies, that the tangent-linear algorithm has to be
executedmn times to compute the entire gradient with respect
to u. Due to this high computational costs, we do not use the
tangent-linear algorithm to compute the gradient. However,
the tangent-linear algorithm is the most fundamental one and
serves as a basis for further derivative algorithms.

Algorithm 2 Tangent-Linear TR

Constants: �; g
Variables: u; � ; tl u = d̂; tl � ; tl E = 0

for (i; j ) = (1 ; 1) to (m; n) do

tl � 1 = tl ui +1 ;j � tl ui;j

tl � 2 = tl ui;j +1 � tl ui;j

� 1 = ui +1 ;j � ui;j

� 2 = ui;j +1 � ui;j

tl � 3 = 2 � 1 � tl � 1 + 2 � 2 � tl � 2

tl E = tl E + 2 ( ui;j � gi;j ) � tl ui;j + � � tl � 3

end for
Result: tl E (@E=@d)

C. Adjoint Tikhonov Regularization

Algorithm 3 shows the adjoint variant of Algorithm 1. It is
obtained by applying the rules developed in section II-C. As
the transposition of the global Jacobian involves an inversion
of the information �ow the adjoint algorithm is generated by
gradually evaluating each adjoint block of the reversed basic
algorithm. In other words, deriving the adjoint algorithm starts
with processing the last block executed in the basic algorithm.
Therefore, let us consider the third block of Algorithm 1.
According to (29) we have

2

4
ui;j

� 3

E

3

5 =

2

4

ui;j

� 3

E + ( ui;j � gi;j )2 + �� 3

3

5 : (42)

Subsequently, we obtain from (30):
2

4
ad ui;j

ad � 3

ad E

3

5 =

2

4
1 0 2 (ui;j � gi;j )

0 1 �

0 0 1

3

5 �

2

4
ad ui;j

ad � 3

ad E

3

5 :

(43)
The adjoint statements are obtained by simply writing down
the equation system of (43). In fact, the �rst three lines of the
adjoint algorithm correspond to those equations. In section
II-C it was indicated that the adjoint algorithm is preferable
for computing gradients because all the partial derivatives
@E=@ui;j are computed at once. For this purpose, the adjoint

algorithm is initialized byad E = 1 andad u = ; (see (25)).

Algorithm 3 Adjoint TR

Constants: �; g
Variables: u; � ; ad u = ; ; ad � = ; ; ad E = 1

for (i; j ) = ( m; n) to (1; 1) do

ad ui;j = ad ui;j + 2 ( ui;j � gi;j ) � ad E
ad � 3 = ad � 3 + � � ad E
ad E = ad E
� 1 = ui +1 ;j � ui;j

� 2 = ui;j +1 � ui;j

ad � 1 = ad � 1 + 2 � 1 � ad � 3

ad � 2 = ad � 2 + 2 � 2 � ad � 3

ad � 3 = 0

ad ui;j = ad ui;j � ad � 1 � ad � 2

ad ui +1 ;j = ad ui +1 ;j + ad � 1

ad ui;j +1 = ad ui;j +1 + ad � 2

ad � 1 = 0
ad � 2 = 0

end for
Result: ad u (@E=@u)

D. Equivalence of the Adjoint Variant and the Euler-Lagrange
Equation

By the calculus of variations, the �rst order variation of (38)
is given by

2 (u � g) � 2� � u = 0 ; (44)

with Neumann boundary condition

@u
@n

= 0 : (45)

When analyzing the behaviour of Algorithm 3, it can be seen
that the information at a certain position(i; j ) contributes
to ad ui;j , ad ui +1 ;j and ad ui;j +1 . Fig. 1 illustrates the
information �ow of the adjoint algorithm. Summing up the
individual contributions, the adjoint variablead u at position
(i; j ) yields

ad ui;j = 2 ( ui;j � gi;j ) +

� (� � x ui;j � � y ui;j + � x ui � 1;j + � y ui;j � 1) (46)

Using the equivalence of the one-sided �nite differences for
adjacent grid points,

� x ui � 1;j = ui;j � ui � 1;j

� y ui;j � 1 = ui;j � ui;j � 1 (47)

(46) simpli�es to

ad ui;j = 2 ( ui;j � gi;j ) � 2� � ui;j ; (48)

where� ui;j = ui +1 ;j + ui � 1;j + ui;j +1 + ui;j � 1 � 4ui;j is
a second order approximation of the Laplace operator� ui;j .
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Comparing (48) with (44), one can see that the output of the
adjoint model is equivalent to a second order discretization
of the corresponding Euler-Lagrange equation. We point out
that this equivalence merely holds for linear problems suchas
(38). For nonlinear problems, the numerical schemes would
be completely different.

Fig. 1. Information �ow at a single pixel in the adjoint modelfor Tikhonov
Regularization.

E. Hessian Tikhonov Regularization

Algorithm 4 shows the Hessian variant of the basic algo-
rithm. It is obtained by deriving the tangent-linear algorithm of
the adjoint algorithm. The initialization concept of the Hessian
algorithm is equivalent to that of the tangent-linear algorithm.
The second-order derivatives@2E=@ui;j @uk;l (corresponding
to one column of the Hessian matrix) are therefore obtained
by initializing tl u with the unit vector co-directional with
uk;l , for a speci�c k 2 [1; m] and l 2 [1; n]. Thus, the
complete Hessian is obtained by running the Hessian algorithm
mn times. Clearly, for large problems, the computation of the
complete Hessian matrix can be quite expensive in time and
memory. However, for Newton-type line-search purposes [23]
or Hessian-free Newton methods [22]), it is only necessary to
compute the product of the Hessian matrix with some direction
vectors. For this purpose the Hessian algorithm is initialized
by tl u = s and the result is obtained from a single call of
the Hessian algorithm (see (35)).

IV. A LGORITHMIC DIFFERENTIATION FORV ISION

PROBLEMS

In order to demonstrate the wide applicability of algorith-
mic differentiation, we apply the proposed methods to three
commonly encountered vision problems: Denoising (image
decomposition), segmentation and stereo. For minimization of
the functionals, we use a common optimization framework
consisting of standard algorithms such as the method of
steepest descent, the conjugate gradient method and the quasi-
Newton method (see [23]).

A. Denoising

Denoising is commonly used for image restoration which is
a signi�cant task in early vision. Total variation minimizing
models [27] have become very popular in edge preserving
image denoising. Over the years the original formulation of
Rudin, Osher and Fatemi [28] has been modi�ed in various

Algorithm 4 Hessian TR

Constants: �; g
Variables: u; � ; ad � = ; ; ad E = 1 ; tl u = d;

tl � ; he u = ; ; he � = ; ; he E = 0
for (i; j ) = ( m; n) to (1; 1) do

he ui;j = he ui;j + 2 ( ui;j � gi;j ) � he E +
+ 2 ad E � tl ui;j

he � 3 = he � 3 + � � he E
he E = he E
tl � 1 = tl ui +1 ;j � tl ui;j

tl � 2 = tl ui;j +1 � tl ui;j

ad � 3 = ad � 3 + � � ad E
� 1 = ui +1 ;j � ui;j

� 2 = ui;j +1 � ui;j

he � 1 = he � 1 + 2 � 1 � he � 3 + 2 ad � 3 � tl � 1

he � 2 = he � 2 + 2 � 2 � he � 3 + 2 ad � 3 � tl � 2

he � 3 = 0

he ui;j = he ui;j � he � 1 � he � 2

he ui +1 ;j = he ui +1 ;j + he � 1

he ui;j +1 = he ui;j +1 + he � 2

he � 1 = 0
he � 2 = 0

end for
Result: he u

��
@2E=@u2

�
� d

�

ways to improve its performance and has been extended to
many other tasks such as image decomposition [29], inpainting
[30], and blind deconvolution [31].

The total variation denoising (TVD) model can be expressed
as the minimizer of the following energy functional

ETVD =
1

2�

Z



(u � g)2 d
 +

Z



jr uj d
 ; (49)

where g is the observed image data,u is the regularized
image and� is a parameter which controls the amount of
regularization. The �rst integral term is a data �delity term,
which ensures that the solutionu is close tog. The second term
is the total variation (TV) and penalizes for high variations
in u. The main property of this term is, that it disfavours
oscillations such as noise, but allows for sharp discontinuities
(edges).

1) Discretization:Comparing (49) to (38), one can see, that
the functionals are almost identical except for the norm used in
the regularization term. Therefore we only have to reformulate
the total variation term which yields

jr ui;j j �
q

(� x ui;j )2 + ( � y ui;j )2 ; (50)

with � x ui;j and � y ui;j as in (40). Due to the non-
differentiability of the total variation term in zero, one has
to give some attention to the implementation of this term.
The �rst commonly used method consists of adding a small
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constant� > 0, resulting in

jr ui;j j � =
q

(� x ui;j )2 + ( � y ui;j )2 + � 2 : (51)

The second possibility, which is more in the spirit of algo-
rithmic differentiation is to implement the total variation term
using conditional branching.

jr ui;j jc =
�

0 if jr ui;j j = 0
jr ui;j j else

(52)

Using this formulation, the non-differentability is automat-
ically removed when deriving the adjoint code. This also
conforms to the underlying optimization problem for which
vanishing image gradients do not contribute to the energy
functional. The complete discrete energy can consequentlybe
written as

ETVD =
mX

i =1

nX

j =1

h 1
2�

(ui;j � gi;j )2 + jr ui;j jc
i

; (53)

which can be implemented similar to Algorithm 1. In fact,
Algorithm 5 (Appendix) shows the basic algorithm imple-
menting (53). Algorithm 6 is the adjoint variant implementing
the gradient ofETVD . In Algorithm 7 and Algorithm 8, we
also show some excerpts of the C++ implementation and the
adjoint code as generated by the preprocessor TAC++ [19]. In
order to compute the full gradient, one has to do the following
initialization (see also section III-C):( * rof ret ad) = 1
and( * u ad) = [0,...,0] . Comparing Algorithm 6 with
Algorithm 8, one can see that the manually derived code and
the automatically generated code are quite similar.

2) Dual Formulation of the TVD model:In [32], Chambolle
proposed a simple �xpoint algorithm solely based on the dual
formulation of the TVD model.

max
jw j� 1

Z



gr � w d
 �

�
2

Z



(r � w)2 d
 ;

w = ( wx ; wy )T ; (54)

where the solutionw � of (54) gives the solutionu� = g� � r �
w � of (53). The advantage of the dual formulation is that it is
continuously differentiable inw, but it is important to note that
the constraintjw j � 1 introduces some additional complexity.
However, we demonstrate how algorithmic differentiation can
be used to compute the solution of the TVD model using its
dual formulation. First, we have to formulate a discrete energy
functional which is in fact the negative of (54).

E dual
TVD =

mX

i =1

nX

j =1

h�
2

(div w i;j )2 � gi;j div w i;j

i
; (55)

where divw i;j =
�
wx

i;j � wx
i � 1;j

�
+

�
wy

i;j � wy
i;j � 1

�
is the

discrete divergence operator. The implementation of (55) is
straightforward and its adjoint algorithm can easily be derived.
In order to satisfy the constraintjw i;j j � 1 we have to project
the gradient of (55) (obtained from the adjoint code) to the
feasible region (unit circle). For this, we use a limited memory
quasi-Newton method for bound constraint optimization [33].
Instead ofjw i;j j � 1 we requirejwx

i;j j � 1 and jwy
i;j j �

1 which results in a slightly anisotropic version of the total
variation term. The desired solutionu�

i;j can be recovered via

u�
i;j = gi;j � � (div w � ) i;j . See [34] for more information

about the anisotropic version.
3) Variants of the TVD model:In [35], the authors describe

the relations between anisotropic diffusion (such as the TVD
model) and robust statistics. They showed, that anisotropic
diffusion can be seen as a robust estimation procedure, where
edges are treated as outliers. A commonly used error norm
from the robust statistics literature is Huber's minmax norm
[36]:

f Huber (x) =
�

jxj if jxj > � ; � > 0
�
2 + x 2

2� else.
(56)

For large values, this norm is equivalent to theL 1 norm (as in
the TVD model), but for small values it is designed to be the
quadraticL 2 norm. The integration of (56) into (53) is very
straightforward and can also be implemented using conditional
branching.

jr ui;j jHuber =
�

jr ui;j j if jr ui;j j > �
�
2 + 1

2� jr ui;j j2 else.
(57)

Another interesting robust error norm is due to Geman et al.
[37]:

f Geman (x) =
x2

1 + �x 2 ; � > 0 (58)

In [38] it was shown that this non-convex type of error
norm (edge preserving boundary function) has the surprising
property that it connects two essentially different models:
The segmentation model of Mumford and Shah [6] and
the anisotropic diffusion equations of Perona and Malik[39].
Again, this error norm can be easily integrated into (53) by

jr ui;j jGeman =
(� x ui;j )2 + ( � y ui;j )2

1 + �
�

(� x ui;j )2 + ( � y ui;j )2
� (59)

We refer the reader to [40] for a further discussion on edge
preserving boundary functions.

4) Results: Fig. 2 shows the denoising capability of the
TVD model using Algorithm 6. The parameter� was set to
70. For minimization we used a limited memory quasi-Newton
method [33]. In practice only a few iterations(20 � 50) are
needed to achieve pleasing results.

Fig. 3 illustrates the convergence rates and CPU times
(Matlab implementation executed on an AMD Opteron250
CPU) of three different optimization algorithms for the TVD
model, where� E 0 is the change of the normalized energy.
The �rst one is based on the adjoint variant of the primal
TVD model (53), the second one is based on the adjoint
variant of its dual formulation (55), and the last one is the
�xed point algorithm of Chambolle [32]. It can be seen that
the convergence rates of all three algorithms are comparable.

Fig. 4 shows the comparison of three different robust
error norms for a test image. Fig. 4(b) shows the denoised
image using the original TVD model. One can observe the
staircasing effect of the TVD model. Fig. 4(c) shows the result
using Huber's minmax norm. The staircasing effect has been
removed, but the edges appear slightly blurred. Fig. 4(d) shows
the denoising result using the robust error norm of Geman et
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(a) (b) (c) (d)

Fig. 2. Denoising capability of the adjoint TVD model. (a) The original image (size =350x350, intensity range =[0; 255]). (b) The noisy image (Gaussian
noise,� = 50 ). (c) The denoised image. (d) The difference image between (b) and (c).

(a) (b) (c) (d)

Fig. 4. Comparison of robust error norms. (a) The noisy inputimage. (b) TVD model (� = 50 ). (c) Huber's minmax norm (� = 20 , � = 2 ). (d) Edge
preserving boundary function of Geman et al (� = 10 , � = 0 :005).

al. Using this error norm, the image is well denoised and the
edges are sharply preserved.

In this example, we considered the total variation denoising
model of Rudin, Osher and Fatemi and proposed two mini-
mization algorithms based on its primal and dual formulation.
We further showed that different variants can be obtained quite
easily by changing a few lines of code. This emphasizes the
�exibility of algorithmic differentiation.
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-14
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)

Adjoint-Primal (15.58s)
Adjoint-Dual (14.83s)
Chambolle (8.17s)

Fig. 3. Convergence rates of different optimization algorithms for the TVD
model.

B. Segmentation

One of the best studied, but still unsolved low level vision
problems, the segmentation problem, is a typical example for
an inverse problem. The celebrated Mumford-Shah segmen-
tation model [6], [41], which is closely related to statistical
estimation via maximum likelihood or maximum a posteriori
probabilities [42], [43] has successfully been utilized for
several applications e.g. active contour models [44], [45],
[46], [47], edge detection [48], [49], image regularization
[50], image decomposition [51], inpainting [52], registration
[53], and classi�cation [54]. The original Mumford-Shah (MS)
segmentation model is de�ned as

EMS =
Z



(u � g)2 d
 �

Z


 n�
jr uj2d
 + � length(�) ;

(60)
where g is the observed image,u is a piecewise smooth
approximation,� is a set containing edges in u,� and � are
tuning parameters. In its original setting, the MS functional is
hard to minimize, due to the lack of convexity and regularity
of the edge-length term. A solution was given by Ambrosio
and Tortorelli [55] via� -convergence, where the edge set (in
2D) is presented by means of a 2D phase �eld.

We address thepiecewise constantMumford-Shah segmen-
tation model (PCMS), which is obtained from the original for-
mulation by� ! 1 . In [47] Shen proposed a� -convergence
formulation for the piecewise constant case including two
regions 
 + and 
 � . The associated energy functional is
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de�ned by

EPCMS =
Z




�
1 + z

2

� 2

(g � c+ )2d
 +

Z




�
1 � z

2

� 2

(g � c� )2d
 +

�
Z




�
9� jr zj2 +

(1 � z2)2

64�

�
d
 ; (61)

wherez is the phase �eld,� is a tuning parameter penalizing
the length of the edges,� is the� -convergence parameter and
c� are the means of the corresponding regions. For a given
partitioning of 
 , the optimal means (see [47], Theorem 1)
are given by

c� =

R

 (1 � z)2gd

R


 (1 � z)2 d

: (62)

1) Discretization: A discretization of (61) and (62) can
be realized easily by replacing the integral terms by sums,
yielding

EPCMS =
mX

i =1

nX

j =1

h�
1 + zi;j

2

� 2 �
gi;j � c+ � 2

+

�
1 � zi;j

2

� 2 �
gi;j � c� � 2

+

�

 

9� jr zi;j j2 +
(1 � z2

i;j )2

64�

!
i

; (63)

and

c� =

P m
i =1

P n
j =1 (1 � zi;j )2gi;j

P m
i =1

P n
j =1 (1 � zi;j )2

: (64)

For simplicity, we use forward differences to approximate the
gradient operator (see also section III-A).

jr zi;j j2 � (� x zi;j )2 + ( � y zi;j )2 : (65)

The implementation of (63) is again not challenging.
2) Results: Fig. 5 shows the segmentation of a test im-

age using the PCMS model. The phase �eld was initialized
randomly, the parameter� was set to the value of104 and
the parameter� was set to the value of10� 1. Fig. 6 illustrates
the convergence rates of different optimization algorithms. The
�rst one is a Jacobi method based on linearization of the Euler-
Lagrange equation as proposed by Shen [47]. The second one
is a limited memory quasi-Newton method (l-BFGS) [33] and
the third one is a Hessian-free Newton method (Newton-CG)
[22]. For more information about these algorithms we refer the
reader to [23]. All algorithms were implemented in Matlab and
executed on an AMD Opteron250CPU. To run l-BFGS only
the adjoint code (�rst-order derivatives) has to be generated,
whereas for Netwon-CG also the Hessian code (second-order
derivatives) is needed. As predicted by the theory, l-BFGS and
Newton-CG converge quickly, in particular in the proximity
of the solution. The Jacobi method steadily converges, but
a big number of iterations are necessary to reach the steady
state. Table I shows a performance comparison of the different
algorithms. Note that after500 iterations the Jacobi algorithm
has still not converged to the minimizer computed by the other
methods.

In this example, we showed that the derivatives obtained
from algorithmic differentiation can be applied very straight-
forward to different minimization algorithms.
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Newton-CG (94.18s)

Fig. 6. Convergence rates of different optimization algorithms for the PCMS
model and the image shown in Fig. 5.

TABLE I

PERFORMANCE OF DIFFERENT ALGORITHMS FOR THEPCMSMODEL AND

THE IMAGE SHOWN IN FIG. 5.

Iterations CPU Time EPCMS
Jacobi 500 67:55s 2:345109� 108

l-BFGS 174 65:09s 2:342325� 108

Newton-CG 30 94:18s 2:342325� 108

C. Stereo

The recovery of motion from images is a major task of
biological and arti�cial vision systems. In their seminal work,
Horn and Schunck [5] studied the so-calledoptical �ow, which
relates the image intensity at a point and given time to the
motion of an intensity pattern. From an application point of
view, optical �ow plays a major role in 3D-reconstruction [56]
and image registration [57] tasks.

The classical optical �ow (OF) model of Horn and Schunck
which can also be utilized for stereo reconstruction is given
by

EOF =
Z




�
I 1(p + u) � I 0(p)

� 2
d
 +

�
Z



jr u1j2 + jr u2j2 d
 : (66)

I 0 and I 1 is a stereo image pair,u = ( u1(p); u2(p))T is
the disparity �eld and� is a free parameter. The �rst term
is also known as the optical �ow constraint. It assumes, that
the intensity values ofI 0(p) do not change during its motion
to I 1(p + u). The second term penalizes for high variations
in u to obtain smooth disparity �elds. Since the OF model
penalizes deviations in both terms in a quadratic way, its
robustness against outliers such as noise, illumination changes
and occlusions is clearly limited. To overcome this, several
energy functionals including robust error norms and higher
order data terms, have been proposed [58],[56].
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(a) (b) (c)

Fig. 5. Two phase segmentation using the PCMS model. (a) Input image (size =512x512, intensity range =[0; 255]). (b) Phase �eldz 2 [� 1; 1] after
convergence. (c) Zero crossings of the phase �eld superimposed to the observed image.

Here, we consider the following energy functional for robust
optical �ow (ROF) computation.

EROF =
Z



	 D

� �
I 1(p + u) � I 0(p)

� 2
+

�



 r I 1(p + u) � r I 0(p)




 2

�
d
 +

�
Z



	 S

�
r uT � D � r u

�
d
 : (67)

The major differences to the basic OF model are as follows:
The functions	 D and	 S are chosen in terms of robust error
norms (see also section IV-A.3). We choose theL 1 norm
	 D (s) = 	 S (s) =

p
s which corresponds total variation

regularization. In order to deal with illumination changeswe
supplement the standard gray value constancy assumption
by the constancy of the spatial image gradient [56]. The
parameter� serves as a weighting factor. Furthermore, we
use the image-driven anisotropic regularization technique to
avoid smoothing of the disparity �eld across edges [59]. This
method is based on a projection matrixD perpendicular to
r I 0 = ( I 0;x ; I 0;y )T .

D=
1

jr I 0j2 + 2 
 2

�
(I 0;y )2 + 
 2 � I 0;x I 0;y

� I 0;x I 0;y (I 0;x )2 + 
 2

�

=
�

Da Db

Db Dc

�
; (68)

where
 is a small parameter which prevents the matrix from
getting singular and additionally controls the diffusivity of the
matrix.

1) Discretization: For notational simplicity, we only deal
with the normal case, i.e. with displacements in horizontal
direction and thus,u = ( u(p); 0))T . The extension to the full
model is straightforward.

All spatial derivatives are approximated using forward dif-
ferences� x and� y (see also (41)). Since the displacement �eld
u is real-valued, we have to do some interpolation to approx-
imate the subpixel values ofI 1 andr I 1 = ( I 1;x ; I 1;y )T , re-
spectively. Therefore, we use a quadratic interpolation scheme

which is de�ned e.g. forI 1 as

Pa
i;j = I 1[i + ui;j ; j ] = a0 + a1~u + a2~u2 ; (69)

wherea0, a1, anda2 are the coef�cients of the local quadratic
polynomialPa

i;j and ~u is the displacement ofu relative to the
origin of the polynomial. The coef�cients of the polynomial
are given by

a0 = I 1
~i;j ; (70)

a1 =
I 1
~i +1 ;j

� I 1
~i � 1;j

2
; (71)

a2 =
I 1
~i +1 ;j

+ I 1
~i � 1;j

2
� I 1

~i;j ; (72)

where~i = i + [ ui;j ] and ~u = ui;j � [ui;j ]; the expression
[ui;j ] denotes a rounding ofui;j to its nearest integer value.
In the sequel, the same scheme is applied to construct the local
quadratic polynomialsPb

i;j with respect toI 1;x andP c
i;j with

respect toI 1;y .
Applying the discretization rules to (67) one �nally arrives

at

EROF =
mX

i =1

nX

j =1

h
eD

i;j + � e S
i;j

i
; (73)

where

eD
i;j =

r
�
I 0

i;j � Pa
i;j

� 2
+ �

�
I 0;x

i;j � Pb
i;j

� 2
+ �

�
I 0;y

i;j � P c
i;j

� 2

(74)
and

eS
i;j =

q
(� x ui;j )2Da

i;j + 2( � x ui;j )( � y ui;j )Db
i;j + ( � y ui;j )2Dc

i;j
(75)

2) Results:Unlike to the previous examples, the minimiza-
tion of (73) requires a coarse to �ne strategy since the energy
functional has many local minima. A usual approach is to
generate an image pyramid and to solve the minimization
problem on each level. Beginning with the coarsest level, the
solution is then propagated as initialization to the next �ner
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(a) (b) (c) (d)

Fig. 7. Recovery of depth information from a stereoscopic image pair using the ROF model. (a) Left image. (b) Right image.(c) Disparity �eld after
optimization. (d) Warped right image.

level until the �nest level is reached. More information about
such multiscale frameworks can be found in [60].

For optimization, we used a quasi-Newton method [33]
which requires only gradient information. Thus we imple-
mented the discretized energy functional (73) and derived
the adjoint variant. We built an image pyramid containing6
levels and ran the optimization algorithm on each level until
convergence was reached. On the coarsest level, the disparity
�eld was initialized to zero and the following parameter
settings were used:� = 100:0, � = 1 :0, and
 = 1 :0. Fig. 7
shows the results of the ROF model applied to a stereoscopic
image pair. Fig. 7(c) shows the successful recovery of the
depth information.

This example shows that algorithmic differentiation can also
be successfully applied when some warping (interpolation)is
included in the energy functional. It is also representative for
the large class of registration tasks which always include some
metric calculated on warped images.

V. CONCLUSION

This article introduced the mathematical concept of algo-
rithmic differentiation to the �eld of computer vision. Fora
long time, algorithmic differentiation has been used in me-
teorology, where models are usually highly complex and not
representable in a closed form [12]. Focusing on a well-de�ned
class of optimization problems, we brie�y discussed the basic
mathematics of algorithmic differentiation. We de�ned three
derivative algorithms (i. e. the tangent-linear, adjoint,and
Hessian algorithms) and illustrated their potential applicability.
In computer vision, many problems can be formulated as
minimization of appropriate energy functionals. Actually, we
considered three common such problems (namely denoising,
segmentation, and stereo) and demonstrated that algorithmic
differentiation is well suited to deriving �exible and ef�cient
algorithms for their solution.

Since our article is intended to serve as an introduction,
we basically performed algorithmic differentiation by hand.
We mentioned, though, several automatic differentiation (AD)
tools [11] and presented some adjoint code generated by
the preprocessor TAC++. It should be pointed out that the
proposed approach is just ameansto obtain numerical so-
lutions of variational problems, it does not,per se, produce
novel solutions. Nevertheless, more sophisticated numerical
schemes showing better convergence rates and accuracy can
be developed quite intuitively. Moreover, the implementation

of the derivatives is readily available by the implementation of
the energy functional which helps in saving time and avoiding
errors.

A major capability of algorithmic differentiation is to iden-
tify sparsity patterns of large Jacobian and Hessian matrices
[10]. Consequently, given that vision problems are typically
large and sparse, algorithmic differentiation could be particu-
larly relevant to reducing the costs of storage and computa-
tional time.

After all, we hope that our work will contribute to the
steadily growing �eld of variational methods in computer
vision.

APPENDIX

ALGORITHMS

Algorithm 5 Total Variation Denoising (TVD)

for (i; j ) = (1 ; 1) to (m; n) do
� 1 = ui +1 ;j � ui;j

� 2 = ui;j +1 � ui;j

� 3 = � 2
1 + � 2

2
ETVD = ETVD + 1

2� (ui;j � gi;j )2

if � 3 > 0 then
ETVD = ETVD +

p
� 3

end if
end for

Algorithm 6 Adjoint TVD

for (i; j ) = ( m; n) to (1; 1) do
� 1 = ui +1 ;j � ui;j

� 2 = ui;j +1 � ui;j

� 3 = � 2
1 + � 2

2
if � 3 > 0 then

ad � 3 = 1
2

p
� 3

end if
ad ui;j = ad ui;j + 1

� (ui;j � gi;j )
ad � 1 = 2 � 1 � ad � 3

ad � 2 = 2 � 2 � ad � 3

ad ui;j = ad ui;j � ad � 1 � ad � 2

ad ui +1 ;j = ad ui +1 ;j + ad � 1

ad ui;j +1 = ad ui;j +1 + ad � 2

end for



13

Algorithm 7 TVD - C++ implementation
double rof(int m, int n, double * u0,

double * u, double alpha) {
...
// sum up data fidelity term
e1 = 0.0;
for (i = 0; i < size; ++i) {

v = * it_u0++ - * it_u++;
e1 += v * v;

}
...
// sum up total variation term
e2 = 0.0;
for (y = 0; y < n-1; ++y) {

for (x = 0; x < m-1; ++x) {
u_x = * it_dux++ - * it_u;
u_y = * it_duy++ - * it_u++;
grad_norm_u = sqrt(u_x * u_x + u_y * u_y);
if (grad_norm_u > 0) {

e2 += grad_norm_u;
}

}
...
// return energy
return (e1/(2.0 * alpha) + e2);

}

Algorithm 8 Adjoint TVD - generated by TAC++
void rof_ad(..., double * _rof_ret_ad, ...,

double * u_ad, ...) {
...
e1_ad+= * _rof_ret_ad/(2.0 * alpha);
e2_ad+= * _rof_ret_ad;
...
for( y=n-1-1; y >= 0; --y ) {

...
for( x=0; x < m-1; ++x ) {

u_x= * it_dux- * it_u; u_y= * it_duy- * it_u;
grad_norm_u=sqrt(u_x * u_x+u_y * u_y);
if( grad_norm_u > 0 ) {

grad_norm_u_ad+=e2_ad;
}
u_x_ad+=grad_norm_u_ad * (2 * u_x *

(0.5F/sqrt(u_x * u_x+u_y * u_y)));
u_y_ad+=grad_norm_u_ad * (2 * u_y *

(0.5F/sqrt(u_x * u_x+u_y * u_y)));
grad_norm_u_ad=0;
* it_duy_ad+=u_y_ad;
* it_u_ad+=u_y_ad * -1;
u_y_ad=0;
* it_dux_ad+=u_x_ad;
* it_u_ad+=u_x_ad * -1;
u_x_ad=0;
...

}
...

}
e2_ad=0;
...
for( i=0; i < size; ++i ) {

v=* it_u0- * it_u;
v_ad+=e1_ad * (2 * v);
* it_u_ad+=v_ad * -1;
v_ad=0;
...

}
e1_ad=0;

}
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