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Bildverarbeitung und Mustererkennung
Image Processing and Pattern Recognition

 PDE and Variational Methods
* Linear Diffusion
* Nonlinear Diffusion
» Discretization and Numerical Solution
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Intuitive explanation of diffusion

« A physical process that equilibrates concentration
differences without creating or destroying mass

« Heat equation: describes the distribution of heat over time

« Example: a cool metal plate that has been heated in a
certain region. The temperature of the heated region
gradually decreases while the temperature of the rest of
the plate increases. In the equilibrium, there is a constant
temperature of the complete plate
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@ Physical background Ty

 Fick's law:
9 =—D-Vu

« The concentration gradient YV, causes a flux 7 which
aims to compendsate for this gradient.

« The relation betweenVw and J is described by the so-
called diffusion tensor D

« The continuity equation describes the fact that diffusion
does only transport mass without destroying it

8tu = —diVj
« Putting both equations together, we obtain the diffusion

equation
Oyu = div (D - Vu)

Joachim Weickert: ,Anisotropic Diffusion in Image Processing“ (Free for download)
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Diffusion in image processing

« Gray values are Iinterpreted as the concentration

« Large brightness values indicate a high concentration
« Low brighness indicates a low concentration
 Diffusion of grey values means image filtering

. Thomas Pock & Andreas Wendel Bildverarbeitung und Mustererkennung, WS2011/2012
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= Classification of diffusion equations

« Homogeneous diffusion
— Diffusion tensor /) is constant

* Inhomogeneous diffusion
— Diffusion tensor D is spatially varying

 Linear diffusion
— Diffusion tensorl) does not depend onu

* Non-linear diffusion
— Diffusion tensor ) depends onu

. Thomas Pock & Andreas Wendel Bildverarbeitung und Mustererkennung, WS2011/2012
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(s Linear, homogeneous diffusion

« Simplest and best investigated PDE in image processing
— Diffusion tensor is the identity: [) = [

 Linear diffusion equation:
oru = Au

u(z,0) = f(z)

* Represents a second order initial value problem

« Relation to Gaussian filtering: Solution is given by

f(x) if t=0
“(fcat):{ (K gz f)(z) if t>0

. K\/g IS a Gaussian filter with standard deviation o = \/2_15
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: xample
t=0.000000 t=20.000000 t=40.000000
t = 60.000000 t=80.000000 t=100.000000
. Thomas Pock & Andreas Wendel Bildverarbeitung und Mustererkennung, WS2011/2012
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Scale space

« The linear diffusion equation can be used to generate a
linear scale space, providing a continuous scale

parametert
 Recursive definition
Tof = f
Tivsf = T (Tsf) , Vs, t>0

« Scale space analysis: Allows to analyze an image at
different scales

« Important for edge detection (Canny), Feature detectors
(SIFT), and image segmentation

. Thomas Pock & Andreas Wendel Bildverarbeitung und Mustererkennung, WS2011/2012
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Inhomegeneous, linear diffusion

» Use the diffusion tensor D(x) to locally change the diffusion
 Example: decrease diffusivity at edges

D(z) = [ 9(0"") g(ox) ] g(z) = eoIVI@I

Original image Diffusivity coefficient g(x)

. Thomas Pock & Andreas Wendel Bildverarbeitung und Mustererkennung, WS2011/2012
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(s Example

t=0.000000 t=20.000000 t=40.000000

t=60.000000 t=80.000000 t=100.000000

. Thomas Pock & Andreas Wendel Bildverarbeitung und Mustererkennung, WS2011/2012
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(- Non-linear diffusion L.

« The Perona-Malik model
Oyu = div (g(|Vul*)Vu)

« With diffusivities defined by
1
2\ _
« |dea is to adaptively decrease the diffusivity at
locations which are likely to be edges

« Edge detection based on this process clearly
outperforms the Canny edge detector

« Edges are implicitely recognized and enhanced by
the model

A >0

. Thomas Pock & Andreas Wendel Bildverarbeitung und Mustererkennung, WS2011/2012
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(- The flux function

¢ IN1D: Qiu = ®'(up)upw,  B(s) = sg(s?)
« ®(s)is called the flux function

9(s?)
d(s)

1
01 02 03 04 05 06 07 08 0a 1 05
» ] 2 S

9= T ) = 59() = T

« The parameter \ defines a threshold for edge detection

. Thomas Pock & Andreas Wendel Bildverarbeitung und Mustererkennung, WS2011/2012
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Regularization

« Unfortunately, the Perona-Malik model is ill posed:

* No theoretical framework to show existence, uniqueness
and reqgularity

 Diffusion process can become instable (staircasing)
« Solution: Regularization by Gaussian smoothing:

Replace g(|Vu|?) by g(|Vus|?) , where u, = K, * u

Oru = div (g(|Vue|?)Vu)

. Thomas Pock & Andreas Wendel Bildverarbeitung und Mustererkennung, WS2011/2012
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(< Example

t=0.000000 t=20.000000 t=40.000000

t=60.000000 t=80.000000 t=100.000000
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Anisotropic nonlinear models

. Generalization of the scalar diffusivity g(|Vu|?) in the
Perona-Malik model to a full diffusion tensor D(Vu)

* Does not only take the edge strength but also the edge
direction into account

 The diffusion tensor can be written as
D(Vu) = Mviv{ + Agvgua

wherev; 2 and A1 2 are the eigenvectors and eigenvalues
of D(Vu)

* One popular choice (Edge Enhancing Diffusion) is

v || Ve, v2 LVu, X\ (Vus) =g(|Vul?), =1

. Thomas Pock & Andreas Wendel Bildverarbeitung und Mustererkennung, WS2011/2012
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(= Examples

S

Coherence enhancing diffusion (Weickert et al.)
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(s Discretization and numerical solution

« Discretization of images (Matlab style)

Az
——

Ay«[ (1,1 | (1,2)

(271) R (?’7 1:])

(ivj — 1) (?’a.?) (7’33 + 1)

(i+1,7)
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- Finite differences

Forward differences

(05 w)ij = ==&
Erl_aut
(6, u)ij = —ig

 Backward differences

Ui j —Ui—1,j

(5y_u)iaj T | Ay

. Thomas Pock & Andreas Wendel Bildverarbeitung und Mustererkennung, WS2011/2012
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(= Linear homogeneous diffusion Ty,

 Continuous PDE: Note-

Oru = div (Vu) div (Vu) = 0,(0,u) + 0,(0,u)

RN

forward backward forward

Discretized PDE:
(0 w)i; = (05 (04 w)ij), ;4 (0, (0 u)iy)

J ]
fu,t_i_l—uf.; .
(2%} v — (8§ Wi, j+1—"Wij + )" Uitl,j —Ui,j
At xr Ax .. Yy Ay .
?’?j Z?-j
wttl ot Ui G417 %4,5 Ui 4T Uq 51 Yitl,j " %i, g %i,j " %i—1,5
2% L2V — Ax Az + Ay Ay
At Ax Ay
t+1 ¢
Big Mg Mingp1 w2 PGy Wikd T AW T Ui
At (Ax)? (Ay)?
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(c Computing the solution

« Simplification: Az =Ay =1

witl gt

S = Uil U1 Ui+ uim1 — du = (Au)

 Matrix-vector representation:

t+1
At

U

t
v — Au

Explicit scheme

u ot AP =yt At Aut, At < 1/4

Implicit scheme

’U'H;t—“t — Az@: uttl = (I — At - A)_l ut, VAt >0
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- Perona-Malik diffusion
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